p-ADIC HEIGHTS OF HEEGNER POINTS 
ON SHIMURA CURVES 
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Abstract. — Let / be a primitive Hilbert modular form of weight 2 and 

^H , level A'^ for the totally real field F, and let p \ N be an odd rational prime 

^^ ' such that / is ordinary at all primes p|p. When £ is a CM extension of F of 

• ' relative discriminant A prime to Np, we give an explicit construction of the 

i^H , p-adic Rankin-Selberg L-function Lp{fE, •) and prove that when the sign of its 

j^ ' functional equation is —1, its central derivative is given by the p-adic height of 

a Heegner point on the abelian variety A associated to /. This p-adic Gross- 
Zagier formula generalises the result obtained by Perrin-Riou when F — Q and 
A'^ satisfies the so-called Heegner condition. We deduce applications to both 
the p-adic and the classical Birch and Swinnerton-Dyer conjectures for A. 
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Introduction 

In this worlc we generalise Perrin-Riou's p-adic analogue of the Gross-Zagier 
formula [31] to totally real fields, in a generality similar to the work of Zhang 
[46-48]. We describe here the main result and its applications. 

The p-adic Rankin Selberg L-function. — Let / be a primitive Hilbert 
modular form of parallel weight 2, level N and trivial character for the totally 
real field F of degree g and discriminant Dp. Let p be a rational prime coprime 
to 2N. Fix embeddings too and Lp of the algebraic closure Q of F into C and 
Qp respectively. We assume that / is ordinary at p, that is, that for each 
prime p of Op dividing p, the coefficient a{f, p) of the p*^ Hecke polynomial 

of/ 

P^j{X)=X^-a{f,p)X + Np 

is a p-adic unit for the chosen embedding; we let Op = ap(/) be the unit root 

Let ii^ C Q be a CM (that is, quadratic and purely imaginary) extension of 
F of relative discriminant A coprime to Np, let 

e = ep/p:Fl/FX^{±l} 

be the associated Hecke character and 9T = Npip be the relative norm. If 

is a finite order Hecke character'^) of conductor f, the Rankin-Selberg L- 
function L{fp,yV,s) is the entire function defined for 3f?(s) > 3/2 by 

Lifp, W, s) = L^A(W) (,^| ^ ,, _ ,) ^ aif, rn)rMm) 

m 

where A(W) = A^(f), ry^{m) = J2<n(a)=m'^i'^) (^^^ ^^™ running over all 
nonzero ideals of Op) and 

{m,NA{W))=l 

This L-function admits a p-adic analogue (§4). Let E'^ be the maximal 
abelian extension of E unramified outside p, and E^o the maximal Zp-extension 
of E. Then Q = Gal{Eoo/E) is a direct factor of finite, prime to p index in 
Q' = Gal{E'^/E). (It has rank 1 + 5 + g over Zp, where 5 is the Leopoldt 
defect of F.) 



'^'We will throughout use the same notation for a Hecke character, the associated ideal 
character, and the associated Galois character. 
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Theorem A. — There exists a bounded Iwasawa function Lp{fE) € Qp[[^'] 
satisfying the interpolation property 

for all finite order characters W of Q' which are ramified exactly at the places 
w\p. Here both sides are algebraic numbers^"^' , W = W"^ and 



nf = {87ry{f,f) 



N 



with {■, ■)j\[ the Petersson inner product (1.1.2); t{W) is a Gaufi sum, Vp{f,yV) 
is a product of Euler factors and a<^u\ = Wa\p^p' ■ 

The restriction of Lp{fE) to Q satisfies a functional equation with sign 
(— l)^e(A^) relating its values at W to its values at W~'^, where c is the non- 
trivial automorphism of E/F andW^{cr) =>V(c(Tc). 

This is essentially a special case of results of Panchishkin [29] and Hida [16]; 
we reprove it entirely here (see §4) because the precise construction of Lp{fE) 
will be crucial for us. It is achieved, using a technique of Hida and Perrin- 
Riou, via the construction of a convolution $ of Eisenstein and theta measures 
on 0' valued in p-adic modular forms, giving an analogue of the kernel of 
the classical Rankin-Selberg convolution method. The approach we follow is 
adelic; one novelty introduced here is that the theta measure is constructed via 
the Weil representation, which seems very natural and would generalise well 
to higher rank cases. 

On the other hand, Manin [26] and Dabrowski [11] have constructed a p- 
adic L-function Lp{f, •) as an analogue of the standard L-function L(/, s). It 
is a locally analytic function on the p-adic Lie group of continuous characters 
X '■ G'f ~^ Cp, where Q'p is the Galois group of the maximal abelian extension 
of F unramified outside p; it satisfies the interpolation property 

ap ^f- V Op/ ^f 

p\P 
for all finite order characters x of conductor P which are trivial at infinity. 
(Here Oir is a suitable period, cf. §9.1.) 

The corresponding formula for complex L-functions implies a factorisation 

LpifE, X o ^) = „/i/2^: Lpif, x)Lp{fe, x), 



D~''^n 



f 



(2) 



By a well-known theorem of Shimura [36] . They are compared via ip ^ and 
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where /^ is the form with coefficients a{fs, m) = e{m)a{f, m) and De = N(A). 

Heegner points on Shimura curves and the main theorem. — Suppose 
that e(iV) = (—1)^"^, where g = [F : Q]. Then for each embedding r: F — t- C, 
there is a quaternion algebra B{t) over F ramifed exactly at the finite places 
v\N for which e{v) = — 1 and the infinite places different from r; it admits 
an embedding p: E ^^ B{t), and we can consider an order R of B{t) of 
discriminant A^ and containing p{Oe)- This data defines a Shimura curve 
X. It is an algebraic curve over F, whose complex points for any embedding 
T : -F — 7- C are described by 

X{Cr) = 5(r)^\io± X B{t)''/F''R'' U {cusps}. 

It plays the role of the modular curve Xq{N) in the works of Gross-Zagier [14] 
and Perrin-Riou [31] who consider the case F = Q and e{v) = 1 for all v\N (it 
is only in this case that the set of cusps is not empty) . 

The curve X is connected but not geometrically connected. Let J{X) be its 
Albanese (= Jacobian) variety; it is an abelian variety defined over F, geomet- 
rically isomorphic to the product of the Albanese varieties of the geometrically 
connected components of X. There is a natural map l: X ^ J{X) ® Q given 
by i{x) = [x] — [^], where [^] £ C1(X) (8) Q is a canonical divisor class con- 
structed in [46] having degree 1 in every geometrically connected component 
of X; an integer multiple of l gives a morphism X — > J{X) defined over F. 

As in the modular curve case, the curve X admits a finite collection of 
Heegner points defined over the Hilbert class field H oi E and permuted simply 
transitively by Gal{H/E). They are the points represented by {^J — l,t) for 
t € E^ /E^ F^O^ when we use the complex description above and view E C B 
via p. We let y be any such Heegner point, and let [z] denote the class 

[z] = u~h [TiH/Ey) G J{X){E) ® Q, 

where -«= [O^ : 0^\. 

As a consequence of Jacquet-Langlands theory, the Hecke algebra on Hilbert 
modular forms of level N acts through its quaternionic quotient on J{X). Let 
Zf G J{X){E) ® Q be the /-component of [z]. 

Heights and the formula. — On any curve X over a number field E, there 
is a notion (§5.1) of p-adic height (•, ■)£ attached to the auxiliary choices of 
splittings^^^ of the Hodge filtrations on H^^{X/E^) for w\p and of a p-adic 
logarithm i: E^/E^ — )• Qp. It is a symmetric bilinear pairing on the group of 
degree zero divisors on X modulo rational equivalence, which we can view as 



"'in our case there will be a canonical choice for those splittings at least on the direct factor 
of Hl-ii(X / Ew) of interest to us. 
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a pairing on J[X)[E). And more generally, for any abelian variety A/E there 
is defined a p-adic height pairing on A{E) x Ay{E). 

Let W be a Hecke character of E taking values in 1 + pZp C Z^ . Under 
the assumption e{N) = (—1)^"-^, the value Lp^fE,!) is zero by the (complex 
or p-adic) functional equation. Then we can consider the derivative of Lp{fE) 
in the W-direction 

d 



^p,wifE,'^) 



ds 



Lr,{fE){W' 

s=0 



Assume that Ae/f is totally odd, and that every prime p\p is split in E. 
(These assumptions can be removed a posteriori if the left-hand side of the 
formula below is nonzero - see §8.2.) 

Theorem B. — Suppose that eE/F{^) = (~1)^~^- Then Lp{fE,'i-) = and 

t;,»(/..i) = D-/Yi(, - i)' (i - -^)'(.„.,)„ 

PIP 

where (•, •)>v is the height pairing on J(X)(E) associated to the logarithm i = 
d_\ yys 
ds\s=0 "^ 

Applications to the conjecture of Birch and Sv^innerton-Dyer. — It 

is conjectured that to the Hilbert modular newform / one can attach a simple 
abelian variety A = Aj over F, characterised uniquely up to isogeny^"^^ by the 
equality of L-functions 

up to Euler factors at places dividing A^. Here M = Mf is the field generated 
by the Fourier coefficients of /; ^ has dimension [M : Q] and its endomorphism 
algebra contains M (we say that A is of GL2{M)-type; in fact since F is totally 
real, A is of strict GL2-type, that is, its endomorphism algebra equals M - see 
e.g. [44, Lemma 3.3]). The conjecture is known to be true ([46, Theorem B]) 
when either [F : Q] is odd or v{N) is odd for some finite place v; in this case A 
is a quotient (j) of J{X) for a suitable Shimura curve X of the type described 
above. Viceversa any abelian variety of GL2-type (for some field M) over a 
totally real field F is conjectured to be associated to a Hilbert modular form 
/ as above. 

In view of known Aut(C/Q)-equivariance properties of automorphic L- 
functions and the above equality, the order of vanishing of L{A, s) at s = 1 will 



'''•'Thanks to Faltings's isogeny theorem [13]. 
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be an integer multiple r[M : Q] of the dimension of A. We call r the M -order 
of vanishing of L{A, s) or the analytic M-rank of A. 

Conjecture (Birch and Swinnerton-Dyer). — Let A be an abelian vari- 
ety of GL2{M)-type over a totally real field F of degree g. 

1. The M -order of vanishing ofL{A,s) at s = 1 is equal to the dimension 
of A(F)q as M -vector space. 

2. The Tate-Shafarevich group Ul^A/F) is finite, and the leading term of 
L{A, s) at s = 1 is given by 

^*^^^^^ = D^''/^\m{A/F)\RA n c. = BSD (A), 

v\oo 

where d = dim A = [M : Q] , the c^ are the Tamagawa numbers of A at 
finite places (almost all equal to 1), 



nA= n / 

_. IP vD J A 



\^A\ 



for a Neron differential^^' uj^, and 

det((xi,yj)) 



Ra 



is the regulator of the Neron-Tate height paring on A{F) x A"^ {F), defined 
using any bases {xi}, {yj} of A{F)q and A'^{F)q. 

By the automorphic description of L{A,s) and results of Shimura [36], we 
know that L{A,s)/Y\^. j^j _^Q^'Ja is an algebraic number. Comparison with 
the Birch and Swinnerton-Dyer conjecture suggests the following conjecture. 

Conjecture. — We have 

f^A- n ^P mCVQ^ 



a: M 



The conjecture is known for F = Q [37] or when A has complex multiplica- 
tion (over Q) [5]; see §9 below for a more precise conjecture and some further 
evidence and motivation. Assuming the conjecture, we can define a p-adic 



'^'When it exists, which is only guaranteed if F = Q. Otherwise, we take for loa any 
generator of H^\A,Q'^ip) and to define Q,a we divide by the product of the indices 
[H {Av, ^A^/Op ) • Of,vSa\ of (the extension of) uja in the space of top differentials on the 
local Neron models Av/Of,v oi A. 
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L-function Lp{A) for A by 

v^)=^ n w)YiT^f% 

for any prime p of good reduction. (Here Ly^p{A), L^^p{f'') interpolate the bad 
Euler factors.) 

Then, fixing a ramified Hecke character u : Q'p — t- 1 + pZp C Z^ which we 
omit from the notation, one can formulate a p-adic version of the Birch and 
Swinnerton-Dyer conjecture similarly as above for Lp{A,v^)-S^' the formula 
reads 

n(l-ap')"'^;(Al) = BSDp(A) 

p\p 
where BSDp(74) differs from BSD (A) only in the regulator term, which is now 
the regulator of the p-adic height pairing on A{F) x A^ [F) associated to the 
p-adic logarithm (. deduced from v as in Theorem B. 

Similarly, one can formulate a main conjecture of Iwasawa theory for Lp[A). 

Then, just as in [31], we can deduce the following arithmetic application of 
Theorem B. 

Theorem C. — For the abelian varitey A = Aj we have: 

1. The following are equivalent: 

(a) The p-adic L-function Lp{A,i'^) has Mj-order of vanishing r < 1 

at the central point, 
(h) The complex L-function L{A,s) has Mf -order of vanishing r < 1 

at the central point and the p-adic height pairing associated to v is 

non-vanishing on A{F). 

2. If either of the above assumptions holds, the rank parts of the classical 
and the p-adic Birch and Swinnerton-Dyer conjecture are true for A and 
the Tate-Shafarevich group of A is finite. 

3. If moreover the cyclotomic Iwasawa main conjecture is true for A, then 
the classical and the p-adic Birch and Swinnerton-Dyer formulas for A 
are true up to a p-adic unit. 

Proof. — In 1., the statement follows trivially from the construction of Lp{A) 
if r = 0; if r = 1, both conditions are equivalent to the assertion that for a 
suitable CM extension E, the Heegner point Zf = zj^e is nontorsion: this is 
obvious from our main theorem in case la; in case lb, by the work of Zhang 
[46,47] (generalising Gross-Zagier [14] and Kolyvagin [24,25]), the Heegner 



'^'Here s £ Zp and the central point is s = 0, corresponding to v'^ = 1. 
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point 

P = Y1 TTE/F<P{zf.,E) G A{F) Q 
a 

(with (j): J{X) — )■ A) generates A(F) (X" Q as Afj-vector space, so that the 
p-adic height pairing on A(F) is non-vanishing if and only if it is nonzero at 
Zf. Part 2. then follows from 1. and the results of Zhang [46,47]. 

Schneider [34] proves an "arithmetic" version of the p-adic Birch and 
Swinnerton-Dyer formula for (the Iwasawa L-function associated to) A, which 
under the assumption of 3. can be compared to the analytic p-adic formula 
as explained in [31] to deduce the p-adic Birch and Swinnerton-Dyer formula 
up to a p-adic unit. In the analytic rank case the classical Birch and 
Swinnerton-Dyer formula follows immediately. In the case of analytic rank 1, 
recall that the main result of [46,48] is, in our normalisation, the formula 



^/ d^edT 



{zf,Zf)=DE''^GZ{fE) 



^;(/-i)-n(i-^)X^-^)^^^^(^^ 



(where (•, •) denotes the Neron-Tate height); whereas we introduce the notation 
GZp{fE) to write our formula (for any fixed ramified cyclotomic character W) 
as 

2 
G1p{jE) 
■j\p 

Then, after choosing E suitably so that L(/e, 1) 7^ (which can be done by [4], 
[41]), we can argue as in [31] to compare the p-adic and the complex Birch and 
Swinnerton-Dyer formulas via the correspoding Gross-Zagier formulas to get 
the result. Namely, denoting by L^{^A) a suitable ratio of bad Euler factors"', 
we have 

L*(A1) _ n.»;^ 1 y^ L\rE.\) nf. ^% 
O^BSD(A) Oa BSD(^)y flf. 0+0+^L(/-,l) ^^ ' 

n.»;^n.Gz(/g) -p^ iJ^^/V ^% 

^A BSD(A) y 0+0+ L{f-,l) ^^ ^ 

by the complex Gross-Zagier formula and the factorisation of L{fE,s). Simi- 
larly, 

T-r.. ..^2 l;{a, 1) _ n. ^p n. gmie) n ^^'^'%- ^% r m^ 

ii^ ^^ ^ BSDp(A) ^A BSDp(^) ii 0+0+ L(/-,l) ^^ ^ 

P\P ^ J Je 



(7) 



Namely, Ln^A) = n^i^v MA 1)/ H. Mr,!)- 
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by the p-adic Gross-Zagier formula, the factorisation of Lp{fE) and the inter- 
polation property of Lp(f^). Since we know that the left-hand side of the last 
formula is a p-adic unit, the result follows from observing the equality 

n.Gz(/g) n.Gz,(/g) 

BSD(^) BSDp(^) 

of rational numbers.'*' D 

Discussion of the assumptions. — The conjecture on periods could be 
dispensed of if one were willing to work with a "wrong" p-adic L-function for A 
(namely, one without the period ratio appearing in the definition above). Then 
at least the rank part of the p-adic Birch and Swinnerton-Dyer conjecture 
makes sense and parts 1 and 2 of the Theorem hold. The nonvanishing of the 
p-adic height pairing is only known for CM elliptic curves [1]. The Iwasawa 
main conjecture is known in most cases for elliptic curves over Q thanks to 
the work of Rubin, Kato and Skinner-Urban (see [39]). For Hilbert modular 
forms, one divisibility in the CM case is known by work of Ming-Lun Hsieh 
[18] (this implies one divisibilty in the above result), and in the non-CM case 
there is work in progress by Xin Wan. The other divisibility is not known but 
could be within reach with current methods, cf. [40, remarks on top of p. 6]. 

Plan of the proof. — The proof of the main formula follows the strategy of 
Perrin-Riou [31]. It is enough (see §8) to study the case where W is cyclotomic, 
since both sides of the formula are zero when W is anticyclotomic. 

In the first part of this paper, we construct a measure $ on ^ valued in p- 
adic modular forms such that Lp(/£;)(yV) essentially equals Ljp(<I>(W)), where 
Lf^ is a p-adic analogue of the functional "Petersson product with /" on p-adic 
modular forms. This allows us to write 

where = denotes equality uo to suitable nonzero factors, and $^ = 
j^^[yV^)\s=o is a p-adic Hilbert modular form. 

On the other hand, there is a modular form ^ with Fourier coefficients given 
by {z,T{m)z)y\!, so that LfQ{^) = {zf,Zf)yy. It can be essentially written as 
a sum ^fiii -|- ^p, where ^fin encodes the local contributions to the height from 
places not dividing p and ^p the contribution from places above p. Then we 
can show by explicit computation that the Fourier coefficients of ^' are equal 



'^'The rationality of the ratios follows from the fact that the zja essentially belong to 
J{X){F) - that is, they belong to the +l-eigenspace for the action of Gal(_B/Q) on 
J{X){E) ® Q - and that in this sense, their images (l>{zf^) form a Gal(Q/Q)-invariant 
basis of A{F) Q, orthogonal for the height pairing. 
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to the Fourier coefRcients of ^gn up to the action of suitable Hecke operators, 
whereas by making use of the assumption that / is ordinary at p we prove that 
^foi^p) ~ 0- '^^^ desired formula follows. 

One difficulty in the approach just outlined is that compared to the case of 
modular curves there are no cusps available, so that in this case the divisors 
z and T[m)z have intersecting supports and the decomposition of the height 
pairing into a sum of local pairings is not available. Our solution to this 
problem, which is inspired from the work of Zhang [46], is to make use of p- 
adic Arakelov theory as developed by Besser [3] (see §5.2) and work consistently 
in a suitable space of Fourier coefficients. 

Perspective. — The original Gross-Zagier formula has undergone an im- 
pressive transformation since its first appearance in 1986, culminating in the 
recent book of Yuan-Zhang-Zhang [44]. Obviously, this work is only a first 
attempt at catching up on the p-adic side. The latter has also seen an impor- 
tant recent development in the work of Kobayashi [23] extending Perrin-Riou's 
formula to the supersingular case; for analogous results in our setting, see 
the forthcoming [12[. An extension of the present results to higher weights, 
as achieved by Nekovaf [28] for the case of modular curves, would also be of 
interest. 

Acknowledgments. — The present paper is essentially my Columbia thesis. 
I am grateful to my advisor Professor Shou-Wu Zhang for suggesting this area 
of research and for his support and encouragement; and to Amnon Besser, 
Luis Garcia Martinez, Yifeng Liu, Eric Urban and Shou-Wu Zhang for useful 
conversations or correspondence related to this work. 

This work is the natural offspring, or, to use a more mathematical metaphor, 
the fibre product, of the works of Perrin-Riou [31] and Zhang [46-48] - the 'base' 
being, of course, the pioneering work of Gross-Zagier [14]. My debt to their 
ideas cannot be underestimated and will be obvious to the reader. 

Notation. — Throughout this text we use the following notation and as- 
sumptions, unless otherwise noted: 

— F is a totally real field of degree g] 

— Ni? is the monoid of nonzero ideals of Op] 

— I • Id is the standard absolute value on F^; 

— A = Plf is the adele ring of i*"; if * is a place or a set of places or an 
ideal of F, the component at * (respectively away from *) of an adelic 
object X is denoted x^^ (respectively x*). For example if i;^ = Jli; '^i' i^ ^ 
Hecke character and 5 is an ideal of Op we write 4>s{y) = Y\v\s 4>v{yv) -, 
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and \y\s = YlvlS 1^1^- ^^ ^^^° ^^^ ^^^ notation 

if m is an ideal of Op and (/> is unramified at 6 (here VTm satisfies TrmOp 



m 

U ^77 



>" denotes the partial order on Ap given by a; > if and only if Xqo is 
totally positive; 

Ra = R i^F A if i? is an F-algebra; 

Nm is the absolute norm of an ideal m in a number field (the index of 
m in the ring of integers: it is a positive natural number); 
dp is the inverse different of F; 

ttat, for N an ideal of Op, is the idele with components vrj! for f | oo 
and 1 for u|oo. 

Dp = 'Ndp is the discriminant of F. 

m^ = {a £ F^ I aOp = m} if m is any nonzero fractional ideal of F (this 
notation will be used with m = d^ ). 

i? is a quadratic CM (that is, totally imaginary) extension of F; 

1) = "Sp/p is the relative inverse different of E/F. 

^ = Npip is the realtive norm on E or any E'-algebra; 

A = lS.pip = 9T(!D) is the relative discriminant of E/F and we assume 

{^E/F,p) = 1; 

in §§2.5, 4.5 and part of §3.2 we further assume that 

(A,2) = l 
and in §§7.2, 8.1, that 

(A, 2) = 1 and all primes p dividing p are split in E. 
Dp = N(A) is the absolute discriminant of E. 

Up{N) is the subgroup of O^ = W^ (^p^ C F^^c consisiting of elements 

X = 1 uiodNOp, if N is any ideal of Op; 

ey{x) = exp(— 27ri{Trp'^ /Q {x)}p) for v\p < oo and {y}p the p-fractional 

part of y £ Qp is the standard addtive character of Fy, with conductor 

dj}^; for u|oo, ey{x) = eyip{2^^iTTp^/-l^{x))■, 

e(x) = ni;^^(^^) i^ tl^^ standard additive character of Ap. 

ly is the characteristic function of the set Y; 

if if is any logical proposition, we define l[ip] to be 1 when ip is true and 

when (f is false - e.g. l[a; G F] = ly(x). 
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PART I 
p-ADIC L-FUNCTION AND MEASURES 



This part is dedicated to the construction of the measure giving the p- 
adic Rankin-Selberg L-function Lp{fE) and to the computation of its Fourier 
coefficients. 



1. p-adic modular forms 

1.1. Hilbert modular forms. — Let us define compact subgroups of 
GL2(A°°) as follows: 

- Ko{N) = \[ ^ ) e GL2(Of) \c = modiVOi^l if N is an ideal of 



Of; 
Ki{ 
if n|A^ are ideals of Op- 



Ki{N,n) = <{ ( " he Ko{N) \a=l modN/nOF,d= 1 modnOj. 



Let k he a. positive integer and t/^ be a character of F^/F^ of conductor 
dividing N satisfying ip^i—l) = (—1)'^ for f |cx). A Hilbert modular form of 
parallel weight k, level Ki{N,n) and character V' is a smooth function 

/:GL2(F)\GL2(A^)^C 

of moderate growth^'^' satisfying^^^' 

for each z G A^, ( "^ j G Kq{N) and 6 = {Oy)^\^ G F^o-, with r{e) = 



'^'Xhat is, for every g the function A^9j/i->/ll ](?) grows at most polynomially 

in \y\ as \y\ — >■ co. 

'"^"^ Recall the notation ^„ — Yiv\n V'w 
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We call / holomorphic if the function on j^Hom{F,C) _ j^;^ -\- iy^ £ p 
C I yoo > 0} 

is holomorphic; in this case such function determines /. 

Petersson inner product. — We define a Haar measure dg on Z{Ap)\G'L2{Ap) 
(where Z = G^ denotes the center of GL2) as follows. Recall the Iwasawa 
decomposition 

(1.1.1) GL2(A^) = B{Af)Ko{1)K^ 

where K^q = HijIoo ^02iF^)- Let dk = ^^dk^ be the Haar measure on K = 
Kq{\)Koo with volume 1 on each component. Let dx = ®^dx^ be the Haar 
measure such that dx^ is the usual Lebesgue measure on R if u|oo, and Of,v 
has volume 1 if v j" 00. Finally let d^x = C^^d^x^ on F^ be the product 
of the measures given by d^x^ = \dxv/x^\ if foo and by the condition that 
Op^ has volume 1 if f |oo. Then we can use the Iwasawa decomposition g = 

I ( I fc to define 

^ y V 1 y 
/ mdg=r [ [ f((' 'Ak)dkdx'^. 

yz(A)\GL2(A) Jf^JaJk \\ ^ J J \V\ 

The Petersson inner product of two forms /i, f^ on GL2{F)\GL2{A) such that 
/1/2 is invariant under Z{A) is defined by 



(/i,/2)pet= / fi{9)f2ig)dg 

yz(A)\GL2(A) 
whenever this converges (this is ensured if either /i or /2 is a cuspform as 
defined below). It will be convenient to introduce a level-specific inner product 
on forms f,goi level N: 

(1.1.2) ^^'^^^ = ^7;^ 

where fJ,{N) is the measure of Ko{N). 

1.2. Fourier expansion. — Let / be a (not necessarily holomorphic) 
Hilbert modular form. We can expand it as 

f{g) = Cj{g)+ E ^/((" 1)^) 
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where 

are called the constant term, and the Whittaker function of / respectively. 
The form / is called cuspidal if its constant term Cj is identically zero. The 
functions of y obtained by restricting the constant term and the Whittaker 

function to the elements { j are called the Whittaker coefficients of /. 

When / is holomorphic, they vanish unless t/qo > and otherwise have the 
simple form 

C/ (( ^ 1 )) =«°(^'2^) = ^"(2/)l2/l'^'«(/'0)' 

Wf((y 1 )) =S(/>y)eoo(iyoo)e(x) = V"(y)|y|'/'a(/,y°°d^)eoo(iyoo)e(x) 

for functions aP{f, y), a{f, y) oiy (z F^' which we call the Whittaker- Fourier 
coefficients of /, and a function a(/, m) of the fractional ideals m of F which 
vanishes on nonintegral ideals whose values are called the Fourier coefficients 
of /. (We will prefer to study Whittaker- Fourier coefficients rather than Fourier 
coefficients when n ^ 1.) 

For any Z-submodule A of C, we denote by Mk[Ki{N,n)^'il),A) the space 
of holomorphic Hilbert modular forms with Fourier coefficients in A of weight 
k, level Ki{N,n), and character ip; and by Sk{Kl(N,n),^l',A) its subspace 
of cuspidal forms. When n = 1, we use the notation Mfc(i^i(A^),'0, A) and 
Sk{Kl{N),^lJ,A) and refer to its elements as modular forms of level N and 
character ip. When the character ip is trivial we denote those spaces simply 
by Mk{KQ{N),A) and Sk{Ko{N),A), whereas linear combinations of forms of 
level Ki (N) with different characters form the space M^ {Ki (N) , A) . The 
notion of Whittaker-Fourier coefficients extends by linearity to the spaces 
MkiKiiN),C). 

We can allow more general coefficients: if ^4 is a Z[l/A^]-algebra, we define 
SkiKoiN),A) = Sk{Ko{N),Z[l/N]) (g) A; this is well-defined thanks to the 
g-expansion principle, see [21]. 

p-adic modular forms. — Let N, P be coprime ideals of Op, ip a character of 
conductor dividing A^. If / is a holomorphic form of weight k, level K\{NP) 
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and prime-to-P character ip (that is, / is a hnear combination of forms of 
level NP and character ipijj' with ip' a character of conductor dividing P) , we 
associate to it the formal g-expansion 

^ap{f,m)q^€C[[q]] 

m 

where the sum runs over integral ideals of F, and 

apif,y°-dF) = ^lJ-Hy)\y\-''^Mf,y). 

Let ^ be a complete Zp-submodule of Cp, A^ an ideal prime to p. The space 

Mk{Ki{N),i;,A) 

of p-adic modular forms of weight k, tame level Ki{N) and character ip 
(with conductor of ip dividing N) is the subspace of formal (7-series with co- 
efficients in A which are uniform limits of g-expansions of modular forms in 
Mk{Ki(Np°°),A n Q) with character whose prime-to-p part is equal to ■0) 
the norm being the sup norm on g-expansion coefficients. It is a a closed 
Zp-submodule in a p-adic Banach space (a Qp- or Cp-vector space complete 
with respect to a norm compatible with that of Qp or Cp). We shall view 
Mk{Ki{Np^,ip,A) as a subset of 'WLk{Kl{N),^l',A) via the q^-expansion map. 
Similarly we use the notation Sk{Ki{N),'tlj,A), Sk{Ko{N),A); when k = 2 
we simply 

Sn{A) = S2{Ko{N),A) 
or just Sat if ^ = Qp or ^ = Cp (as understood from context). An element 
of SAr(^) is called bounded if its Fourier coefficients lie in a bounded subset of 
A. 



1.3. Operators acting on modular forms. — There is a natural action of 
Q[GL2(A°°)] on modular forms induced by right translation. Here we describe 
several interesting operators arising from this action. 

Let 771 be an ideal of Op, TTm G -^a°° ^ generator of mOp which is trivial at 
places not dividing m. 

The operator [m]: Mk{Ki{N),ip) -^ Mk{Ki{Nm),'4)) is defined by 

L3.1) [m]/(g) = N(m)-'=/2/ ( / ^ 



TT, 

It acts on Fourier coefficients by 

a{[m]f,n) = a{f,m~^n). 
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For any double coset decomposition 

Ki{N) ( ^"^ ^ ) K^{N) = U7^A'i(iV), 

the Hecke operator T(m) is defined by the following level-preserving action 
on forms / in Mk{Ki{N)): 

Tim)f{g) =l^im)''/^-'^f{gj,y, 

i 

For m prime to N, its effect on Fourier coefficients of forms with trivial char- 
acter is described by 

a(r(m)/,n)= J^ N{d)''/'^-^a{f,mn/d'^). 

d\(in,n) 

Let Tat be the (commutative) subalgebra of 'End Sk{KQ(N)) generated by 
the T{rn) for m prime to N . A form / which is an eigenfunction of all the 
operators in Tjv is called a Hecke eigenform. It is called a primitive form if 
moreover it is a newform (see §1.4 below for the definition) and it is normalised 
by a{f, 1) = 1. 

As usual (cf. [31, Lemme 1.10]) we will need the following lemma to ensure 
the modularity of certain generating functions. 

Lemma 1.3.1. — Let A he a Z[l/A^] -a/ge&ra. For each linear form 

a-.^N ^ A 

there is a modular form in Sk{KQ{N),A) whose Fourier coefficients are given 
by a(T{m,)) for m prime to N . Such a form is unique if we require it to he a 
newform of som.e level dividing N (see §1.4 for the definition). 

When m divides N, we can pick as double coset representatives the matrices 



7j = I ™ * I for {cj} C Op a set of representatives for Op/mOF. Then 

the operator T{m) is more commonly denoted U{m) and we will follow this 
practice. It acts on Fourier coefficients of forms with trivial character by 

a{U{m)f,n) = N{m)''/^~^a{f,mn). 

Ordinary projection. — Denoting Up = U{p) for p\p a prime of Op, we further 
define the ordinary projection operators 

ep = hmU;-:SN{Cp)^SNp{Cp) 
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and Cp = Y\a\n ^p- '^^^ image is precisely the direct factor of SNp{Cp) on which 
Up (respectively Up) acts by a p-adic unit (the ordinary part). See [16, §3] for 
more details. 

Atkin-Lehner theory. — For any nonzero ideal M of Op, let Wm £ GL2(A°°) 
be a matrix with components 

(1.3.2) Wm,v =( _^yiM) M if^lM, Wm,v=(^ ^) ifWM 

where tt^ is a uniformiser at v. We denote by the same name Wm the operator 
acting on modular forms of level N and trivial character by 

WMfig) = figWM); 

it is self-adjoint for the Petersson inner product, and when M is prime to A^ it is 
proportional to the operator [M] of (1.3.1). On the other hand when M equals 
A^, or more generally M divides A^ and is coprime to NM~^, the operator Wm 
is an involution and its action is particularly interesting. In this case, extending 
the definition to forms of level N and character'"^^^ i/j = iI^im)''P(nm-''-) with ^^J/c') 
of conductor dividing C, we have 

(1-3.3) WMfig) = ^(M)(det g)f{gWM). 

The effect of this action on newforms is described by Atkin-Lehner theory; we 
summarise it here (in the case M = N), referring to [9] for the details. 

Let vr be an irreducbile infinite-dimensional automorphic representation of 
GL2(Air) of central character tp. Up to scaling, there is a unique newform 
f in the space of vr. It is characterised by either of the equivalent properties: 
(a) it is fixed by a subgroup Ki(N) with A^ minimal among the A^' for which 
j^Ki{N ) _/. Q. ^Y)) its Mellin transform is (a multiple of) the L-function L(7r,s) 
of vr. In the case of a holomorphic cuspform, this is equivalent to requiring that 
it belongs to the space of newforms defined in §1.4 below. There is a functional 
equation relating the L-function L(s,7r) of vr and the L-function L(l — s,7r) 
of the contragredient representation; as tt = ip~^ ■ W, it translates into the 
following description of the action of Wn on newforms. Suppose that the 
eigenform / G Sk{Ki{N),^) is a newform in the representation vr it generates. 



'^^^ Notice that a decomposition of Tp as described is only unique up to class group characters 
(that is, Hecke characters of level one). We will only be using the operator Wm for Af a 
proper divisor of A*' in a case in which a decomposition is naturally given. 
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then we have 

(1.3.4) WNfig) = {-i)^^-'^Mf)n9) 

where /^ is the form with coefficients 



(1.3.5) air,m) = aif,m) 

and t(/) = t{tt) is an algebraic number of complex absolute value 1; it is the 
central root number of the functional equation for L(s,7r). 

Trace of a modular form. — The trace of a modular form / of level ND and 
trivial character is the form of level N 

TTND/N{f){9) = Yl f^9l)- 

-I&Kq{ND)/Ko{N) 

It is the adjoint of inclusion of forms of level N for the rescaled Petersson 
product: 

{f,^'^ND/N9)N = {f,g)ND 

if / has level A^ and g has level D. 

Suppose that D is squarefree and prime to N, in which case we can write 
Tr£) = TrjvD/Af without risk of ambiguity. A set of coset representatives for 
Ko{ND)/Ko{N) is given by elements 'jj^s for 6\D, j G Of,v/SOf,v, having 
components 



1/ \— 1 / vr„ V 1/ V"'''"'^ 
at places v\5, and 7j,5,„ = 1 everywhere else. From the second decomposition 
given just above, if / has weight 2 we obtain 

(1.3.6) a(Tr^(/),m) = j;a(C/(<5)/(^),m) = Y,aif'\m5) 

5\D 5\D 

where f^^\g) = f{gWs) with Ws as in (1.3.2). 

Notice that if / is a modular form of level ND and character ip, then 
f (.g) — fig^s) is a modular form of level Ki{ND,5) of characrers ipi = 

Remark 1.3.2. — If D is prime to p, the various trace operators T^NDp^'/Np'' 
extend to a continuous operator Trjvu/iv on p-adic modular forms of tame level 
ND. Similarly the operators [tti], T{m) and Wm for m prime to Np extend to 
continuous operators on p-adic modular forms of tame level N . 
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1.4. Fourier coefficients of old forms. — As we will study modular forms 
through their Fourier coefficients, we give here a criterion for recognising the 
coefficients of certain old forms/^^^ Let A^, P be coprime ideals of Op- The 
space Sj^p C Snp is the space spanned by forms / = [d\f' for some 1 ^ d\N 
and some cuspform /' of level N'P with N'\d~^N. In the case P = 1, we 
define the space of newforms of level dividing N to be the orthogonal to the 
space of old forms for the Petersson inner product. We denote by S^ C Sn 
the closed subspace generated by the image of S^~^ in Sat. 

(As above, the coefficient ring will always be Qp or an algebraic extension 
of it or Cp as understood from context.) 

Let now S be the space of functions / : ISip — t- A modulo those for which 
there is an ideal M prime to p such that f{n) = for all n prime to M. A 
function / G 5 is called multiplicative if it satisfies'-^^^ f{mn) = f{m)f{n) 
for all {m,n) = 1. For h a multiplicative function, a function / is called an 
h-derivative if it satisfies f{mn) = h[m)f{n) + h{n)f{m) for all {m,n) = 1. 

Let CTi and r be the multiplicative elements of S defined by 

ai (m) = J]] N(d) , r{m) = Y^ Ee/f (d) 

d\n d\m 

(where E is a totally imaginary quadratic extension of F of discriminant prime 
top)M^' We define a subspace Pat C 5 to be generated by cti , r, di-derivatives, 
r-derivatives, and Fourier coefficients of forms in S^ . 

Lemma 1.4-1- — The q-expansion map Sj\j/S^'^ — t- S/Dn is injective. 

The proof is similar to that of [46, Proposition 4.5.1]. 

Remark 1.4-2. — The operators Up for p\p extend to opeators on S via 
Upf{m) = f{mp). The ordinary projection operators Cp and e = e^ of 
course do not extend, since the limit may not exist; however the kernels 
Ker (e), Ker (e') C S are well-defined. 

1.5. The functional Lj,j. — Recall from the Introduction that we have 
fixed a primitive ordinary Hilbert modular form / of level Kq{N), which is 
ordinary at all primes p dividing p. If Op is the unit root of the p Hecke 



(^2)Cf. [46, §4.4.4]. 

(i3)'pjjjg relation and the following are of course to be understood to hold in S. 

'■^^' We will see below that cti and r are the Fourier coefficients of weight 1 Eisenstein series 

and theta series. 
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polynomial of / (cf. the Introduction) and the operator [p] is as in (1.3.1), 
then the p-stabilisation of / is 

p\p 

a form of level Ko{Np) satisfying t/p/o = Op/o for all p\p. 

We define a functional, first introduced by Hida, which plays the role of 
projection onto the /-component. Both sides of our main formula will be 
images of p-adic modular forms under this operator. 

Let P be an ideal of Op divisible exactly by the primes p\p. For a form 
g G M2{Ko{NP)) with r > 1, let 

{WnpII;, g) 



Lfoia) 



{WNpf^, h) 



Lemma 1.5.1. — The above formula defines a hounded linear functional 

Lf,:M2{Ko{Np°^),Q)^Q 
satisfying the following properties: 

1. On M2{Kq{N)) we have 

where lf{g) = {f,g){f,f). 

2. On M2{Kq[N p^)) we have, for each nonnegative t < r — 1, 

Lfo°Ul = a^{ffLf,. 

3. It admits an extension to p-adic modular forms still denoted 

which is continuous and factors through the ordinary projection operator 
e. 

The proof of these facts is similar to the case of elliptic modular forms, see 
e.g. [30]. 

We define spaces Stv = S7v/(S^'^ + Ker (e)) and S = S/{VN + Ker (e)). The 
former injects into the latter, and we denote its image by S]\f. Note in passing 
that elements of S are invariant under Up and therefore are determined by 
their values on prime-to-p ideals (or on ideals divisible by p) . 
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By the pevious lemma, the operator Lf^ extends to a bounded operator, 
still denoted by the same name. 

It is defined over Qj, in the sense that it takes Qp-valued elements of Sn to 

2. Theta measure 

We construct a measure on the Galois group of the maximal abelian exten- 
sion of E unramified outside p with values in p-adic theta series, and compute 
its Fourier expansion. 

2.1. Weil representation. — We first define the Weil representation. See 
[6, §4.8] for an introduction, and [41] or [44] for our conventions on the repre- 
sentation for similitude groups. 

Local setting. — Let V = {V, q) be a quadratic space over a local field F of 
characteristic not 2, with a quadratic form q; we choose a nontrivial additive 
character e of F. For simplicity we assume V has even dimension. For u £ F^ , 
we denote by Vu the quadratic space (y,uq). We let GL2(-F) x GO(y) act on 
the space S{V x F^) of Schwartz functions as follows (here u: GO(y) — t- Gm 
denotes the similitude character): 

- r{h)(j){t, u) = (j){h~H, v{h)u) for h £ GO(y); 

— r{n{x))(f){t,u) = e{xuq{t))(f){t,u) for n{x) = | j £ GL2; 

- r ((^ ]] ^{t,u) = xy(a)|f |^^</.(at,(i-ia-M; 

— r{w)(l){x,u) = j{Vu)(t){x,u) for w = i 

Here xv is the quadratic character associated to V, 7(Kt) is a certain square 
root of x(— 1), and (j) denotes the Fourier transform in the first variable 



4>{x,u) = / (t){y,u)e{-u{x,y))dy 
Jv 

where (•, •) is the bilinear form associated to q and dy is the self-dual Haar 

measure. 

Global setting. — Given a quadratic space (V, q) over a global field F of char- 
acteristic not 2 (and a nontrivial additive character e: F\Ap — )• C^), the Weil 



p-ADIC HEIGHTS OF HEEGNER POINTS ON SHIMURA CURVES 23 

representation is the restricted tensor product r of the associated local Weil 
representations, with spherical functions <j)i,{t,u) = 1^ ^^x {x,u) for some 

choice of lattices Vi, C V{Fy). 



F,v 



The case of interest to us is the following: F is a totally real number field, 
V = (-BjOT) is given by a quadratic CM extension E/F with the norm form 
9T = N^ip and the lattices Oe,v C E^^ and the additive character e is the 
standard one. We denote G = GL2, H = GSO(y), two algebraic groups 
defined over F] we have H = Resg/^Gm- In this case we have 

XV = eE/F = £, 
where £e/f is the quadratic character of F^ associated to the extension E/F. 
The self-dual measure on E^ is the one giving Oe,v volume \Oe,v/'^v\~^ 
where S^ is the relative inverse different Moreover the constant 7 can be 
explicitly described (see [7, §§ 38.6, 30.4, 23.5]): in the case v\Ae/Fi which 
is the only one we will be using, such description is in terms of a local Gau£ 
sum >c(v)-S^^' 

(2.1.1) 

7(£'^,n9T) = e^(ti)x(u) = e„(u)|7r^|2 ^ e{x/-Ky)e^{x/'iTy). 



2.2. Theta series. — We define the theta kernel to be 

0<f,{g,h)= ^ r{g,h)(t){t,u) 
{t,u)eVxF'^ 

which is an automorphic form for the group GL2(i^)\GL2(Ai?) xGO(y)\GO(yA.f 

If W is an automorphic function for H which is trivial at infinity (which is 
the same thing as a linear combination of finite order Hecke characters of E), 
we define the theta series^^^) 

Jh{F)\H{Af) 



'^'^'Our }<(v) is denoted x(w)"^ in [46]. 

(isj'pjjg reason for taking W(h~^) rather than W(/i) is that we want ^^(W') to be the series 

classically denoted 0(>V) for a suitable choice of - this will be clear from the computations 

below. 
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which is an automorphic form on G. Here the measure dh is the product of 

X 



the measure on H{A°°) which gives volume 1 to the compact Uq = O^, and 



any fixed measure^^'^^ on H{Aoo). 

Let us explain how to explicitly compute the integral in our situation. For 
each open compact subgroup U C i7(A^) = i?A°°, we have exact sequences 

and 

1 ^ KU)\UEl ^ Ol^\UE^ ^ N{Ol^)\F^ ^ 1. 

The notation used is the following: O^ ^ = E^ DU D fJ-^U) = the subset of 
roots of unity, D^oo : E^ — t- F^ is the norm map at the infinite places and E^^ 
is its kernel. 

We can choose a splitting l of the first sequence, for example 

l: E^'UXEl^ ^ E'^UMElf'W ^ E^^XE^, 

where (E^)^'" denotes the set of ideles of adelic norm 1 with infinity component 
hoo = {h, . . . ,h) for some real number h > and the isomorphism is the unique 
one which gives the identity once composed with projection onto the finite part. 
We begin to expand the series, evaluating the integral as explained above and 
exploiting the fact that the action of H{Foo) = E^ on (t){t,u) factors through 
the norm. We take U to be small enough so that W and (p are invariant under 
[/, and denote 



4)^{t,u) = j r{h)(f)y{t,u)dh if v|oo 

and <j) = Wy\^ 4'vW^\oa 'Pv A specific choice of (p^ will be made shortly: for 
the moment we just record, and use in the following computation, that we will 
take u I—)- (f>^{t,u) to be supported on R~^. 
We have 



w^^ 



[ f Wii{a)-^) V r{g,i{a)h)(p{t,u)dadh 

U J El, Mo^^^)\F+ JexU\E^^ {t,u)GExF>^ 



'^^^ There will be no ambiguity since later we will choose 4>oa to be again any fixed Schwartz 
function, whose integral over H{Aao) with respect to the chosen measure is a specified 
function d>^. 
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Here wu = |^(f^)| and dh denotes the measure onU x E^^ x F^ = U x H{Foo). 
We partially collapse the integral over ^(O^ [/)\-^oo and the sum over u £ F^ 
and use our choice of </)oo to get 
(2.2.1) 

= wIj\o\{U)[ ^ WWa)-i) Y. Y.''(9,t{amt,u)da 






w -— W{i{a) ^)vu V S^r{g,i{a))(l){t,u)da 



Here in the last step we have defined vjj = [5^1(0^) : ^(O^ ^)] and computed 

vol([/) = wo\{Uo){h/hu){wu/w)v^^, where C/q = 0|, /i^/ = |^^^\^^^|, 
h = hjjQ, w = wuq. Recall that our measure is such that vol(C/o) = 1. The 
remaining integral is just a finite sum. 

The sum over u is actually finite owing to the integrality constraints imposed 
by (/) at finite places. ^^^^ 

2.3. Theta measure. — We define a measure with values in p-adic modular 
forms on the group 

where E'^ is the maximal abelian extension of E unramified outside p, that 
is, the union of the ray class fields of E of p-power ray Upn = W^{wi\ts = 
1 modp"C'£;^„} and the isomorphism is given by class field theory. The topology 
is the profinite topology. 

Recall that a measure on a topological space Q with values in a p-adic 
Banach space M is a Q„-linear functional 

H:Cig,Cp)^M 

on continuous Cp-valued functions, which is continuous (equivalently, 
bounded) with respect to the sup norm on C(^,Cp). The linearity prop- 
erty will be called distributional property in what follows. The boundedness 
property will in each case at hand be verified on the set of |3-adic characters 
of g, which in our cases generates the whole of C{Q,Cp) (classically, the 
continuity of fi goes under the name of abstract Kummer congruences for /i) . 



'^*'We will see this in more detail shortly. We are also using the definition of (fi^ in order 
to freely replace the sum over u £ F^ with a sum over it £ F"*" - in fact a slight variation 
would be necessary when det goo ^ F^, but this is a situation we won't encounter. 
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When M = Mq '^Qp Cp for a p-adic Banach space Mq over Qp, the measure 
/U is said to be defined over Qp if /-f(W) G Mq (X" Qp(W) whenever the function 
W on ^ has values in QpiW) C Qp C Cp. 

Definition 2.3.1. — The theta measure dQ on Q' is defined by 



e(w)= / w{a)de{a) = e^{w), 

Jg' 

for any function W: ^' — )■ Q factoring through a finite quotient of Q' , where 
the function cj) is chosen as fohows: 

— for v\poo, (pvit,u) = lc)g_^(t)l^-i,x(u); 

— for v\p^ 

<^,(t,n) = [0^ :?7^]lc;,(t)l i.x(n), 

where U^ C O^ ^ is any smaU enough compact set - that is, U^ C Uv if 
W is invariant under U = Yl^ U^j, and the definition does not depend on 
the choice of U^. (In practice, we wiU choose U^, = U^ if U^ is maximal 
with respect to the property just mentioned.) 

— for u|oo, (j)y{t,u) is a Schwartz function such that 

r{h)(f>^{t, u) dh = 4>^{t, u) = lj^+ {u) exp{—2TTuN{t)). 

(See [44, 4.1] for more details on this choice.) 

In Corollary 2.4.3 below we will show that this in fact defines a measure on 
Q' with values in p-adic Hilbert modular forms of weight one, tame level A^^/p 
and character e. 



2.4. Fourier expansion of the theta measure /I. — We compute the 
Fourier expansion of the theta measure on Q', carrying on the calculation 
started in §2.2. 

I with 2/00 > 0, the sum over {u,t) in (2.2.1) 

evaluates to 

(2.4.1) e{y)\y\^^^ Yl 'A"(«"'2/*' 'n{a)y-\)e^{iy^uN{t))e{xum{t)). 

u,t 

Then we compute the sum of this expression over the finite quotient G'jj of Q' , 
with g[j^E''U\El^. _ _ 

We assume W is a character so >V(a~^) = W{a) where W = W~^. 
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First we pre-compute the product of all the constants appearing in the theta 
series of (2.2.1), including the one from (/) - we take 



so: 



tlu ' 

=w[lJ.{OE):KOE,u]=wd^- 
This computation together with (2.2.1), (2.4.1) gives 

X l.^x {a~^yt)l,-i,x (ai(a)y"^n) eoo(iyoo'w^(0) e{xu'^{t)) 
=e{y)W{y)\y\'^nj^' Y Ma) ^ l^^^^.^^yH) 

a£ExU\E^^ t£E,u(^^{0^^)\F+ 

X l[m{a)yuOF = dp^]e^{iy^um{t))e{xumit)) 

where we have made the change of variable a ^ ay. 

Now we make the substitution n9I(t) = ^ and observe that the contribution 
to the (} term is equal to zero if {iydp,p) ^ 1, and otherwise it equals VV(a) 
times the cardinality of the set 

^a-i(e,y) = {{t.u) G Oe,u X F+\um{t) = ^,m{t/a)OF = ^ydF}/m (01^) , 

which admits a surjection vr : (t, u) i— )• a~^tOE,u to the set ra~i{^ydF) of 
proper ideals b C Oe,u in the J7-class a^^, whose norm is 9T(b) = iydp- The 
fibres of tt are in bijection with O^ ^/'^{O^ ^) which has cardinality wu- We 
deduce the following description of the Fourier coefficients of 0(W). 

Proposition 2. 4.1. — The series 9(>V) belongs to Si{Ki{N) , eW] px) , 

A 

where A(W) = A5'I(f(W)). Its Fourier coefficients are given by 
a{e{W),m)= Y W(b) = rw(m) 

<nib)=m 
for {m,p) = 1 and vanish for {m,p) ^ 1. 
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Remark 2.4-2. — If W is ramified at all places w\p, the Mellin transform of 
©(W) is thus precisely the L-function 

L{W,s)= Y^ W(b)N(b)~" = ^rwMN(m)-^ 

(b,p)=l rri 

Therefore by Atkin-Lehner theory 0(W) is a newform and according to (1.3.4) 
we have a functional equation 

w^A(w)0(w)(5) = (-z)[^^QV(w)e(W) 

where T(yV) is an algebraic number of absolute value 1 (essentially a Gaufe 
sum). 

Corollary 2.4-3. — The functional Q of Definition 2.3.1 is a measure on Q' 
with values in Si(i('i(A),e), defined over Qp. 

Proof. — The distributional property is obvious from the construction or can 
be seen from the g-expansion given above, from which boundedness is also 
clear - cf. also [17, Theorem 6.2 ]. D 

2.5. Fourier expansion of the theta measure / II. — For later use in 
computing the trace of the convolution of the theta measure with the Eisenstein 
measure (defined below), we need to consider the expansion of ©(W)*- '(5) = 

(11 x\ 
J ; for such a g we have 

' 1) "'' - {" 1) (" ..) - 

where tts is an idele with components vr^ at v\6 and 1 everywhere else. Here 
TTy is a uniformiser chosen to satisfy e{Try) = 1. 

The modular form G(W) can be expanded in the same way as in §2.4, 
except that for v\6 we need to replace <j)v{t, u) = Ioe vi^)'^d^^'^ (^) '^y 

WsMi, u) = r ) 7(n)l^(i)lrf-i,x (n) 

=ey{irj'^u)>c{v)l^-i{t)l^-^i,x{TTj^u) 

Here recall that S is the relative inverse different of E/F; and that w acts as 
Fourier transform in t with respect to the quadratic form associated to nOX, 
with the normalising constant 7(n) = j{Ey,u^) as described in (2.1.1). 

The computation of the expansion can then be performed exactly as in 
S2.4. We omit the details but indicate that the relevant substitution is now 
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a —7- TTj)ay, where D is an ideal of Oe of norm 5 and vrg € Oe is a generator with 
components equal to 1 away from d. Whittaker- Fourier coefficient is therefore 

Proposition 2.5.1. — The series Q{W)^^^ belongs to Si{Ki{A{W), 6), eW\„x 

A 

Its Whittaker- Fourier coefficients are given by 

d{e{wf\y) = eW{y)\y\^/^>i{6)W{d)es{y)rMydF), 
where x{5) =W^\s^{v). 

3. Eisenstein measure 

In this section we construct a measure (cf. §2.3) valued in Eisenstein series 
of weight one, and compute its Fourier expansion. 

3.1. Eisenstein series. — Let /c be a positive integer, M an ideal of Oe, and 

ip: F^/F^ — 7- C^ a finite order character of conductor dividing M satisfying 
ipv{—l) = (—1)*^ for t)|oo. Let 

(3.1.1) L^'\s,^)= Yl '/^MN(m)-^ 

(m,A/)=l 

where the sum runs over all nonzero ideals of Oe- 

Let B C GL2 be the Borel subgroup of upper triangular matrices; recall the 
notation from §1.1, and the Iwasawa decomposition (1.1.1); the decomposition 
is not unique but the ideal of Oe generated by the lower left entry of the 
i^o(l)-component is well-defined. 

For s G C, define a function Hk^s{g,v) on GL2(Ai;') by 



Hk,s{g = qur{e);ip) 



[iueKo{l)\Ko{Mo). 



where we have written g = qur{9) with q = \ I G B(Ae), u G Kq{1), 

We define two Eisenstein series 

^f(5,s;v?)=L^^(2s,v?) Y. Hk,s{l9;^), 

7gB(F)\GL2(F) 

E^{g, s; ^) =WMEi'ig, s; 99) = ^~Hdetg)Ei'{gWM, s; ^) 
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which are absolutely convergent for 3?s > 1 and continue analytically for all 
s to (non-holomorphic) automorphic forms of level M, parallel weight k and 
characters ip~^ for E and if for E. Here Wm is as in (1.3.3). The superscript 
M will be omitted from the notation when its value is clear from context. 



3.2. Fourier expansion of the Eisenstein measure. — We specialize to 

the case where k is odd, M = AP with (A, P) = 1, ip = e(j) with e = £e/f 
and (j) a nontrivial character of conductor dividing P, trivial at infinity (in 
particular we have (/3„(— 1) = £y{—l)<j)y{—l) = —1 as required). We assume 
that A is squarefree. For 6\A we compute'^^^ the Whittaker coefficients (cf. 
§1.2; we suppress (/?, M and k from the notation) of E^ >; 

for a £ F and 6 dividing A; since Cs(a, y) = Cs(l, ay) for a 7^ 0, we can restrict 
to a = or 1. 



Proposition 3.2.1. — In the case just described, the Whittaker coefficients 
Cg{a, y) of the Eisenstein series Ej^ {g, s; if) are given by cf (0, y) = 0, and 



L»y^N(AP)' 



cl{l,y) = ^,,i:, . _ e4>{y)\y\'-'>ci6)4>{S)es{y)My^dF)\y5dF\f-'ak,sMy) 

if ydp is integral, and Cg{l,y) = otherwise, 
where x:{5) = YlvlS ■'^i'") ^^^^ ^(^) ^^ ''■^ (2.1.1) and 

viydp) 
v\AMoo n=0 v\oD 



with 



r ^-2myx 

^'''^^^ ^ L (x2 + l)-fc/2(:E + i)fc '^''- 



Proof. — We use the Bruhat decomposition 

GLiiF) = B{F) W B{F)wN{F) 



(i^^Cf. [46, §§ 3.5, 6.2 
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with w 

1 X 
1 



and the unipotent subgroup N{F) = F via N(F) B 



^— I X G F, to get 






w\y ^11^, 



e(—ax) dx. 



At any place v\M/5, we have the decomposition 



1 



Wi 



M/5,v 



7r„ 



so that the first summand is always zero. 
For the second integral, we use the identity 

y x\ /l \ f -1 



and the substitution x — )■ xy to get 
where for y £ F^ 

v^'Hy) 



yj \1 xy ^ J 
^) Wui^ e{-ax)dx = \y\'-'llV,^'/\a,y,) 



(3.2.1) 



H, 



F,, 



1 X 



Wm,v e{-xy) dx. 



Archimedean places. — As in [46, Proposition 3.5.2]. 

Nonarchimedean places v \ M/5. — If -y is a finite place, we have I | € 

GL2(C'f,j;) if x G Of,v, and otherwise we have the decomposition 



1 X 



1 \ / 1 



Therefore 



(3.2.2) 



H, 



1 X 



X I \X 1 



LPy{x)\x\ "^^ \iv{x)<—l; 

1 \iv\M,v{x)>{); 

\iv\6,v{x)>Q. 
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The case v \ M. — We deduce that 

Vs'^'/'iy) = f e{-xy) dx + Y,l ^„(x7r-")|x7r-"|-2^e(-xy7r-") d(7r-"x) 

= l[y G dp'] + Y, M^vTKr^^'-'^ [ ^ ei-xyn-^) dx. 

n>l •''^F,v 

The integral evaluates to 1 — |7r„| if vd/dp) > n, to — Ivr^,! if vd/dp) = n — 1, 
and to zero otherwise. Therefore we have Vg (y) = unless v{ydF) > in 
which case 

v{ydp) 

V^"\y) = 1 + (1 - K,|) ^ (¥^.K)|7r„|2^-^)" - K.|(<^.K)|7r„|2'^-^)''(^'^/)+^ 

n=l 

v{ydp) 

= (l-(^„(7r„)|7r,|2'^) Y. V5.Kn7r„r(2-i) 

n=0 

v{ydp) 

n=0 

The case v\5. — Again by (3.2.2) we find 

Vs''^\y) = E / ^.(^vr-")|xvr-"|-(2-i)e(-xyvr-") dx. 

n>l -"-^F,!. 

All the integrals vanish except the one with n = v{ydF) + 1 which gives 
therefore we have''^'') 

V^^/^{y) = ev{y)4'v{yT^dF,vT^v)\yT^dF,vT^v\'^''~'^\T^v\^^'^>i{v) 

if v{ydF) > and Vs{y) = otherwise. 

{ I x\ ( l\ ( 7:1^^^ \ 

Places v\M/5. — For u; ( ^ j ( _^v(m) I = I _ " v{M) 1 ^^ 

have the decompositions 



T^v 1—1 ~^ 



■^(*^) 1 " 1 -xirf^'^ 1 



'^'''Recall that we always choose 7r„ so that £„(7r„) = 1. 
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_1 v{M) 

X — TT,, 



XTT. 



<M) _i -l-v{M) 



V 



1 X 7r„ 



for v{x) > we use the first one to find 

"■iiS^ _,))h<'"'|'; 

for v{x) < the second decomposition shows tliat the integrand vanishes. We 
conclude that 

I otherwise. 

The final formula follows from these computations. D 

We specialize to the case s = 1/2, fc = 1 and consider the rescaled holomor- 
phic Eisenstein series: 

Corollary 3.2.2. — The Eisenstein series B^J" , B^^ belong to Mi{Ki{AP),e(j)-^) 
and Mi{Ki{AP),e(p) respectively. The Whittaker- Fourier coefficients c{y) of 
E^i for 6\A are zero if y'^dp is not integral and otherwise given by 

c\y) = a{Ei'ly) = er\y)\y\'^^>^{S)cP{5)esMy^dFK^iy°^dp), 
where for any integral ideal m of Of[A'^P~^], 

cre<p{rn) =^e(t){d), 

d\m 
the sum likewise running over integral ideals of Of[A~^P~^]. 

(If m is an integral ideal of Op prime to P, then cr^i{m) = r[m).) 

Proof. — This follows from Proposition 3.2.1 once observed that [14, Propos- 
tion IV.3.3 (d)] 

fo if t < 

^''"'^'^ - \-2.ie-^-^ ift>0. 

n 
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Definition 3. 2. 3. — Let F'^ be the maximal abelian extension of F unram- 
ified outside p, and let Q'p = Gal{F'^/F). We define^^^) the Eisenstein dis- 
tribution(22) E^ on g'p by 

for any character cj) of Q'p of conductor dividing P (it does not depend on the 
choice of P once we require P to satisfy v\P -H- v\p). We denote with the same 
name the distribution induced on the group Q' of §2.3 by 

E,(W) = E,(W|^^). 

It has values in ^sAi[Ki[N /S) , e) and is defined over Qp. 

Remark 3.2.4- — Iii the case that (p = 1, the constant term of Ej((/)) is no 
longer zero (it is in fact a multiple of L{l,e), cf. [46, Lemma 6.2.2]) - for 
this reason, the constant term of the distribution is unbounded, so that the 
distribution is not a measure. This difficulty is easy to circumvent as done in 
[31, §2] following [22]: for a suitable choice of a nonzero ideal C, there is a 
measure E^ whose value on a character is a nonzero multiple of E^ ((/>) ; then 
one can use E^ rather than E^, and remove the factor afterwards from the 
formulas. Since this method is by now standard, we will be content with the 
present caveat and treat the Eg as if they were measures in what follows. 



4. The p-adic L-function 

4.1. Rankin— Selberg convolution. — Let /, g be modular forms of com- 
mon level M, weights kf, kg, and characters ipf, ipg respectively. We define a 
normalised Dirichlet series 

D^\f, g, s) = L^\2s - 1, ^/^g) Y, "(/' ^Ha, m)Nm"^ 

m 

where the imprimitve L- function L^ {s, if) of a Hecke character if of conductor 
dividing M is as in (3.1.1). 

When / and g are primitive forms of level Nj, Ng (that is, normalized new 
eigenforms at those levels), for a prime p f Nj denote by ap , Up the two 



'^^'We do not assume that A is squarefree when making the definition. 

' 'a distribution on Qf is a linear functional on locally constant functions on Qf ~ see below 

for why E^ is not a measure. 
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roots of the p*^ Hecke polynomial of / 

Ppj(X) = X2 - a{f, p)X + i;f{p)Np''f-\ 

and by /3p , /3p the analogous quantities for g. Then the degree four Rankin- 
Selberg L-function L{f x g, s) with unramified Euler factors at p given by 

n (i-«?/5?Np-)"' 

equals the above Dirichlet series 

Lifxg,s)=D^f^^if,g,s) 

if Nf and Ng are coprime. 

Suppose now for simplicity that kf = 2, kg = 1, and / is a cusp form (not 
necessarily primitive). The Rankin-Selberg convolution method^^^^ gives 

[F:Q] 



(4.1.1) {fP,gEf{s;^fi^g))M = D'+' 



'F 



r(g + i/2) 

(4vr)^+i/2 
where {■,-)m is the Petersson inner product (1.1.2) 



lAf 



D'''{fxg,s + 1/2), 



4.2. Convoluted measure and the p-adic L-function. — Consider 
the convolution 'measure'^^'*' @ * ^e,N on Q' defined by * Ee^7v(W') = 
G(W)Es,Ar(W) for any character W: G -^ Z^, where E^^tv = [N]Be. We 
deduce from it the 'measure' 

(4.2.1) $(W) = TrA[e * E^,7v(W)] = TrA[e{W)[N]B,{W)] 

on G' , which is a kind of p-adic kernel of the Rankin-Selberg L-function as will 
be made precise below. It is valued in S2(A'o(A^), Cp). 

Definition 4-2.1. — The p-adic Rankin-Selberg L-function is the bounded 
element of Qp[[^I| defined by 

LpUE.W) = Dp'Hp{f)Lf,{^m) 

for any character W: ^ — t- Z^ , where 

(-) -.(/)^n(-^)(>-J^)^ 

PIP 



'■^^^See or [20, Ch. V], or [46, Lemma 6.1.3] for a setting close to ours 

(24)rpj^g same caveat of Remark 3.2.4 applies here. Namely, the convolution S * E^^jv is only 
a distribution, but its value on any character W is a simple nonzero multiple of the value of 
a measure O * E^jy onW, so that we can "pretend" it to be a measure. Similarly for $. 
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Functional equation. — Consider the restriction of Lp{fE) to Zp[[^]]. Let 

where the square root is taken in l+pZp. Let l denote the involution of Zp[[^] 
defined by A'(W) = A(W), where W{cr) = W{cac). 
Then we have a functional equation 

(4.2.3) ApUeY = (-l)%(iV)Ap(/^), 

which can be proven as in [30, §5.2] using the interpolation property of §4.4 
and the functional equation for the complex Rankin-Selberg L-fucntion. 

In particular, if e(A^) = (—1)^"^ and W is an anticyclotomic character (i.e., 
WW = 1), we have 

Lp{fE)m=0. 

4.3. Toolbox. — Here is a collection of technical lemmas that we need to 
prove the soundness of our construction of the p-adic L-function. The reader 
is invited to skip to §4.4 where the results are put to use, and return here as 
the need arises. 

Lemma 4-3. 1- — Let P he an ideal of Of such that v\P if and only if v\p. 
We have 

{WNpf(;jo)NP = «p(/)(-l)V(/)/7p(/)(/,/);v 
with Hp{f) as in (4.2.2) and 

pIp 
The proof is similar to that of [30, Lemme 27]. 

Lemma 4-3.2. — For a character ip of conductor dividing M and an ideal N 
prime to M, let E^' = E^^{g, 1/2; if), E^^ = WmE^^ . We have 

Wm[N]E^ = E^''' + E°"' 

where the form E"^'^ is old at N (in particular, it is orthogonal to newforms of 
level N). 

Proof. — It is easy to see that Wm[N]E^' = ip{N)[N]E^^ . Then we are 
reduced to showing that 

[N]E^' = ip-\N)E^''' + E''''' 

which can be done by the calculation appearing in the proof of [46, Lemma 
6.1.4] D 
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Lemma 4-3 -3. — Let f and Jq be as usual, and let g be a primitive form of 
weight 1, level prime to p. If Gp(Np~^) denotes the p of Euler factor of 
L{g,s) at the prime p\p, then 

D{fo,g,l) = Gp{ap{fr')D{f,g,l). 

The proof is identical to that of [30, Lemme 23]. The result will be applied to 
the case g = 0(W), in which case the Euler factor at p is np|p(l — W(p)Np~*) 
and we use the notation 

(4.3.1) w.w)^nn(i-^) 

p\pp\p ^ ^^■'^^ 

for Gp{aMr')- 

Lemma 4 -3. 4- — With notation as in §4-1, we have 

L»([A]/, e(>v), 1) = w{^)D{f, e(w), 1). 



The proof is an easy calculation (cf. [28, §1.5.9]). 

4.4. Interpolation property. — We manipulate the definition to show that 
the p-adic L-function Lp(/£;)(>V) of Definition 4.2.1 interpolates the special 
values of the complex Rankin-Selberg L-function L(/£;,>V, s) defined in the 
Introduction. Notice that if W is ramified at all places dividing p, then 

L{fE,W,s) = L{fxe{W),s) 

where L(/ x 0(Vy),s) is as in §4.1. (Otherwise, the above equality remains 
true for the Dirichlet series associated to / and 0(W) after removing from 
L(/£;,VV, s) the Euler factors at p, and likewise for the interpolation result 
just below.) 

Theorem 4-4-^- — -^^^ W: ^' — )• Q be a finite order character of conductor 
f. Assume that v\f if and only if v\p. Then we have 

"?n(f(w))lJJiV 
where Qj = (87r^)^(/, /)Ar, T{yV) is as in Remark 2.4-2 and the other factors 
are defined in §4-3. 
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Proof. — Denote P = %f(W)), A(W) = AP, ,/. = WLx. The result follows 

A 

from the definition and tlie following calculation. 

^/ol^(>^)J = 7777 Jp—r\ 

{WNAfi;,WAiW)emWAiW)^fj%)NAiW) 
ap{f)i-l)9T{f)Hp{m/ 



(L. 4.3.1) 



<'^^"^^' ^ aH/)'(-!)»'ag^/)o/ '^-'^'^'-^'^'<-"'>-'-' 



ap(/)Fp(/)0/ 



([A]/o^e(W)E;^_- -/TVAW 



(e..(4.1.1)) ^ ^i^^l«^I.-(-)([A]/o,e(W),l) 

,L. 4.3.3) . ^(W)I>^N(A W)V^^,(/. W) „..,w,(,^,,, e(W). 1) 

(L. 4.3.4) = -''^'^^'^'^i';;''';;^^'^-'^'^'^' L(/..w,i) 

where we have used various results from §1.3, and the fact that in our case 
fP = f as f has trivial character. D 

4.5. Fourier expansion of the measure. — Consider the restriction of $ 
to Q, the Galois group of the maximal Zp-extension of E unramified outside . 
Any character W of ^ decomposes uniquely as W = W^W~ with {W^Y = W, 
{yV~Y — ^ ("^^ s^y that W^ is cyclotomlc and W~ is anticyclotomic or 
dihedral). Since we are interested in the case where e(A^) = (—1)^"^ in which 
the $ is zero on the anticyclotomic characters, we study the restriction of $ 
to the cyclotomic characters. We can write W"*" = x ° ^ for a Hecke character 
X'- F^\F^ — )• 1 + pZp, and we denote 

G^ = G(xo9X), cI.^ = $(xoai). 

From now on we assume that (A, 2) = 1 and all primes p\p are split in E. 

Proposition 4-5. 1- — The Fourier coefficients b{m) = Op($i^,m) of the p- 
adic modular form ^^ are given by 

h{m) = ^ x((l - n)m) JJ [l[v{nm) = 0] + e^((n - l)n)x;;^(nmp^/7V)] 

neF ulA 

0<n<l 
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• r((l — n)mA)a^^-2{nm) . 

Proof. — By (1.3.6), the Fourier coefficients b{m) of ^^ = 0^E£^2 tv is given 
by 

b{m) = 2. b {mS) 

<5|A 
witli 

b\m)=ai'^(^\m) = {yr'di'^'^ly) = l^r^ ^ a(e5^), (1 - n)y) a(Ef^),_^,ny) 

neF 

if y G F^ satisfies y^o > and y°°dF = m. 

Then thanks to Proposition 2.5.1 and Corollary 3.2.2, we have'^^-*: 

6(m) = ^ ^ es{{n-l)n)x{{l-n)m)x^'^{nm5/N) 

5|A nGF 
0<n<l 

• r((l — n)m6)a^y-2{nm/N). 

We interchange the two sums and notice that the term corresponding to 5 and 
n is nonzero only if n G Nm~^/S.~^ and 5q\5, where 

(5o = 6Q{n) = JJ p^ 

v\A. 
t)(nm)=— 1 

(p^ being the prime corresponding to v). Now for each n we can rewrite the 
sum over 5 (omitting the factor x((l ~ n)m) which does not depend on 5) as 

es^{{n-l)n)xs^{nm6Q/N) ^ £s>{{n -l)n)x^i^{nm6' /N) 

<5'|A/<5o 

= W£S'{{'n-l)n) Xv'^{nmp^) JJ [I + ev{{n - l)n)x^'^{nmp^)]. 
ii|(5o i)|A/(5o 

The asserted formula follows. D 

Remark 4-5.2. — liv{nm) = —1 then (n— l)7rmvr^ = mrmTr^ in {Of,v/'t^vOf,v)^ 
so that we actually have 

e„((n - l)?i) = e„((n - I)7rmvr„)e„(n7r.m7r„) = 1, 

where p^ is the ideal corresponding to v. 



'^'''Recall that K[vf = e^-l). 
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We can now compute the Fourier coefficients of the measure giving the 
central derivative of the p-adic L-function in the cyclotomic direction. To this 
end, let 

v. Gal(Q/F) ^ 1 +pZp c Qp 
be a character of F which is ramified exactly at the primes dividing p, and 
for s G Zp denote(26) $(s) = $^,. Let Ip = ^i^1s=o: F'^XFa^ ^ Qp ^'^ *h^ 
associated p-adic logarithm. 

Proposition 4.5.3. — Assume that £{N) = (-1)^"^ Then $(0) = and 
the Fourier coefficients b'(m) of 

$:, = $'(o) = ^#..i.=o 

are nonzero only for m integral and nonzero, in which case 

h'{m) = ^h[,{m) 

with the sum running over all finite places v of F and b'^{m) given for p\m by 

1. If V = p is inert in E, then 

b'^{m) = Y^ 2'^^("V((l-n)mA)r(nmA/iVp)(u(nm/iV)+l)£F,„(7r^), 

(p,n'm)=l 

£v({n~l)n)=l\tv\A 

0<n<l 

where 

WA(n) = #{f|(A,nmA)}. 

2. If V = p\A is ramified in E, then 

h'^{m) = ^ 2"'^("V((l-n)?nA)r(nmA/A^)(7;(nm) + l)£F,„(7r^). 

(p,nm)=l 

£„((n— l)n)=— 1 

£„((n-l)n)=lVi)^-u;|A 

0<n<l 

3. If V is split in E, then 

b[,im)=0. 

Proof — The vanishing of $(0) = $1 follows from the functional equation 
(4.2.3) and the sign assumption. 



'^^^No confusion should arise from our recycling the letter s for this p-adic variable, the 
complex variable having now exited the scene. 
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By Proposition 4.5.1, the Fourier coefficient bs{m) of $(s) = $^s can be 
expressed as bs{m) = X^„g^ &ri,s("i) witli 

hn,s{m) = z^''((l - n)m)r{{l - n)mA) JJ a'^^^{m/N) 

v\poo 

wliere, using Remark 4.5.2: 

' 1 - e{nmp)u{nmp)-'^^ 

l-e(pMp)- "'"""^^^ 

s,v\ ) \\+ £y{n{n — l))v{n'mp) "^^ if f = p|A and t;(n?n,) = 0; 

v{nmp)~'^^ if u = p|A and v{nm) = —1. 

Then h'{m) = Y^^b'^{m) = E„E^,^n,^,M with T.nKvi'm) = K{m), and 
h'^{m) can be nonzero only if exactly one of the factors a'^y vanishes at s = 0. 
If this happens for the place vq, then the set over which n ranges accounts 
for the positivity and integrality conditions and the nonvanishing conditions 
at other places, whereas the condition (p, nm) = 1 results from observing that 

lims_^o'^''(a) = 1[(P, a) = !]■ 

The values of b'^ „ can then be determined in each case from the above 
expressions: for v ramified this is straightforward. For v = p inert, notice that 
iiv{nm/N) is odd then r{nmA/Np) = r{{nmA/Ny^'), where the superscript 
denotes prime-to-p part; whereas if v{nm/N) is even then aQ^{m/N) does not 
vanish so (n, t>) does not contribute to h'{nn) and indeed r{nm/Np) = 0. D 



PART II 
HEIGHTS 

5. Generalities on p-adic heights and Arakelov theory 

5.1. The p-adic height pairing. — Let X be a (smooth, projective) curve 
of genus 5 > 1 over a number field E with good reduction at all places above p; 
or let A be an abelian variety of dimension g over E with good reduction at all 
places above p. By the work of many authors (Schneider, Perrin-Riou, Mazur- 
Tate, Coleman-Gross, Zarhin, Nekovaf,. . . ) there are p-adic height pairings 
on the group of degree zero divisors on X and on the Mordell-Weil group of A] 
we recall their main properties following the construction of Zarhin [45] and 
Nekovaf [27]. 
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Let ^: E^/E^ — t- Qp be a homomorphism; we call i a p-adic logarithm 
and assume that it is ramified at all v\p, that is, iy : E^ — )■ Qp does not 
vanish identically on O^ ^. Let Y denote either AlbX or A, Y"^ its dual 
abelian variety, and let V = VpY = TpY <^Zp Qp be the rational Tate module 
of Y, a continuous Gal(£'/£')-representation/^'^) Let D^^^{V) = H^^{Y'^ (g) 
Ey/Ey), equipped with the Hodge filtration. For each v\p, let W^ C DdR(^) 
be a splitting of the Hodge filtration, that is, a complementary subspace to 
r2^(y'^ (g) Ey/Ey) C -DdR(^), which is isotropic^^^) for the cup product. When 
V is ordinary as a Gal(i?t,/£'t,)-representation, there is a canonical choice for 
Wy, the "unit root" subspace - see [19] for a nice discussion. For the case of 
interest to us, recall that we have fixed in the Introduction an ordinary form / 
and a Shimura curve X/F: then we will study the situation where Y = AlbX 
or y = Af^ the ordinary abelian variety associated to / (see below for the 
construction of Af), or their base change to E^ and Vf = VpAf) C V^AlbX. 
The subspaces Wy will then be assumed chosen compatibly with the canonical 
choices on Vf. 

Theorem 5.1.1. — Let V be a representation as above, and let V*{1) denote 
the twisted dual ofV (it is in fact isomorphic to V). 

1. There is a bilinear symmetric pairing on the Bloch-Kato Selmer group of 
V 

{;■): H}{E,V) X H}{E,V*{1)) ^ Qp, 

depending on the auxiliary choices of i and {Wy)y\p (which we usually 
omit from the notation). 

2. The above pairing decomposes as the sum 

V 

of local pairings {■,-)y for v running over the finite primes of E. 

3. (Compatibility.) LetE'^/Ey be a finite extension, andletTr^' /e^ '■ ^ji^'w^'^) 
HJ{Ey,T) denote corestriction. If x £ HJ{E'^,V), y' G HJ{E'^,V*{1)), 

we have 

{x,TlE^/EAy'))v = {x,y')v 



'^^Nekovaf [27] defines height pairings for Galois representations in much greater generahty 
than described here. 

(28)rpj^g isotropy condition ensures that the resulting height pairing is symmetric [27, Theo- 
rem 4.1.1 (4)] 
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where {•,-)w is the local pairing associated to i^ = i^ o N^^j^^ and (if 
v\p) the splitting W^ induced from W^. 
4- Let E^ ^ = UnE^n ^^ ^^^ ramified^'^^' Tip-extension of F determined by 
the isomorphism 

E^ D Ker(4) ^ Gal(E^^^/E) C Gal{E^^/E). 

induced from class field theory. Assume that V is ordinary as a Galois 
representation, and let T be a stable lattice in V . Then the module of 
universal norms 

nUh}{E,,T)) = f|Im [Tte^je^ : H}{Ei^^,T) ^ H}{E,,T) 

n 

has finite index in H\{Ey,T). 
5. (Boundedness.) In the above ordinary situation, there is a nonzero con- 
stant c ^Tjp such that 

{x,y)v,n e p-^e^Eii^) 

if X ^ H\{Ey,T), y G Hl{E^,T*{l)) and {■,-)v,n is the local pairing 
associated to the extension E^ n/^v o,s in 3. 

We refer to [28, II. 1] and references therein for the proof and more details 
on the construction. A more explicit description of the pairing and its local 
components will follow from Theorem 5.3.1 below. 

Let Div(X) be the group of divisors on the curve X, Div (X) the sub- 
group of degree zero divisors, and similarly CH(X) = Div (X)/ ~, CH(X)o = 
Div (X)/ ~ the Chow group of zero-cycles modulo rational equivalence and 
its subgroup of degree zero elements. Let V{X) = VpAlhX. 

Via the Abel-Jacobi map 

CR{X)o^H}{E,V{X)), 
the above pairing induces a p-adic height pairing 

{;■): CH(X)o X CH(X)o ^ Qp. 

In the case of an abelian variety A, via the Abel-Jacobi map A"^ (E) = 
CH^(^)o — ^ Hl{E,VpA) and the similar one for A{E), together with the 
canonical isomorphism VpA*{l) = VpA"^ , we similarly have an induced height 
pairing 

{■,-):A''iE)xA{E)^Qp. 



'^^^ Recall that we choose £nj to be ramified. 
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By construction when A = AlbX this pairing coincides with the one induced 
from the one on X via the identification AlhX{E) = CH(X)o and the canon- 
ical autoduahty of A. 



5.2. p-adic Arakelov theory — local aspects. — Here and in §5.3 we 
summarize the main results of Besser [3] , who develops the p-adic analogue of 
classical Arakelov theory. 

Metrized line bundles. — Let Xy be a proper smooth variety over the finite 
extension Ey of Qp, and fix a ramified local p-adic logarithm i^ : E"^ — )• Qp 
which we extend to Q by i.u\^ix = lyoN^ii^^ for any finite extension E'^/Ey. 
A metrized line bundle C = (£,log£) on X^ is a line bundle on Xy together 
with a choice of a log function log£ ^ on the total space of Cy = C\x(2>Ey minus 
the zero section (which will also be viewed as a function on the nonzero sections 
of Cy). A log function is the analogue in the p-adic theory of the logarithm of 
a metric on the sections of C on an infinite fibre oi X . It is a Coleman function 
having a certain analytic property^^'^' and the following algebraic property. If 
the p-adic logarithm ly factors as 

(5.2.1) (.y=tyO\Ogy 

for some log^ : Ey — )• Ey and some Qp-linear ty'. Ey — )■ Qp, then for any 
nonzero section s of Cy and rational function / € E{Xy) we have 

(5.2.2) log£,„(/s) = log,(/) + logc,y{s). 

Adding a constant to a log function produces a new log function; this operation 
is called scaling. 

One can define a notion of 39-operator on Coleman functions, and attach 
to any log function log£ on C its curvature 9(91og£ G H^^ii-^v) ® ^^(Xy); its 
cup product is the first Chern class of C. 

Log functions on a pair of line bundles induce in the obvious way a log 
function on their tensor product, and similarly for the dual of a line bundle. 
If vr : Xy — )• Yy is a morphism, then a log function on a line bundle on Yy 
induces in the obvious way a log function on the pullback line bundle on X. If 
moreover vr is a finite Galois cover with Galois group G, and £ is a line bundle 
on Xy with log function log^ and associated curvature f3, then the norm line 



(30)pQj. .^vhieh ^e refer to [3, Definition 4.1]. 
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bundle Nt^C on Y^ with stalks 

has an obvious candidate log function N.„: log£ obtained by tensor product. The 
latter is a genuine log function (i.e. it satisfies the analytic property alluded 
to above) when there is a form a E H^-^iY^) ® Q}{Yy) such that 

in which case the curvature of iY^rlog^ is a/degvr ([3, Proposition 4.8]). 

The canonical Green function. — Now let Xy/E^ be a curve of genus g > 1 
with good reduction above p. Choose a splitting Wy C H^^ii^v) of the Hodge 
filtration as in §5.1, which we use to identify Wy = Q}{X^Y ; we then define a 
canonical element 



-id E EndO^(X„) ^W„® fi^(X^) 



and similarly for the self-product X^ x X^ (denoting vri, Ti2 the projections) 
^=[ }^ ~l \ e¥.nd{'KlQ^{X^)ml9}{X^)) ^ hIj^{X^xX^)®^\X^®X^ 

The first Chern class of $ is the class of the diagonal A C X^ x X^ . 

Let 1 denote the canonical section of the line bundle 0{A) on Xy x Xy. 
Given any log function logQf^\ on 0{A) with curvature $, we can consider 
the function G on Xy x Xy given by 

G{P,Q)=loga^^)il)iP,Q). 

It is a Coleman function with singularities along A; we call G a Green function 
for Xy. 

A Green function G induces a log function on any line bundle 0{D) on Xy 

by 

if Z) = ^ UiPi and 1 is the canonical section of 0{D). A log function log^ on 
the line bundle C and the resulting metrized line bundle {C, log^) are called 
admissible with respect to G if for one (equivalently, any) nonzero rational 
section s of £, the difference log£(s) — logjj^/^) is a constant. Such a constant 
is denoted by iiogAs)., or i\og^{s) in the case of the trivial line bundle with the 
log function log^,. It is the analogue of the integral of the norm of s. It follows 
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easily from the definitions tliat any isomorpliism of admissible metrized line 
bundles is an isometry up to scaling. 

Let ojx^ be the canonical sheaf on Xy. The canonical isomorphism ujx^ — 
A*0{—A) gives another way to induce from G a log function log^^^ on lox^, 
namely by pullback (and the resulting metrized line bundle has curvature {2g — 
2)^Xv)- The requirement that this log function be admissible, together with a 
symmetry condition, leads to an almost unique choice of G. 

Proposition 5.2.1 ([3, Theorem 5.10]). — There exists a unique up to con- 
stant symmetric Green function G with associated curvature <l> such that 
(a;x^,log^ ) is an admissible metrized line bundle with respect to G. 

In the following we will arbitrarily fix the constant implied by the Propo- 
sition. In our context, the canonical Green function thus determined is, in a 
suitable sense, defined over E^, [3, Proposition 8.1]. 

5.3. p-adic Arakelov theory global aspects. — Let £' be a number field 
with ring of integers Oe- Let X /Oe be an arithmetic surface with generic fibre 
X, that is, X — )• Oe is a proper regular relative curve and X ®Oe E = X. We 
assume that X has good reduction at all place v\p, and denote X^ = X ® E^. 
Fix choices of a ramified p-adic logarithm I and Hodge splittings Wv as in §5.1. 

Arakelov line bundles and divisors. — An Arakelov line bundle on ^ is a pair 

£ = (£, (log^J^ip) 

consisting of a line bundle C on X together with admissible (with respect to 
the Green functions of Proposition 5.2.1) log functions log£^ on JC^ = C\x^- 
We denote by Pic ^{X) the group of isometry classes of Arakelov line bundles 
on X. 

The group Div ^{X) of Arakelov divisors on X is the group of formal com- 
binations 

where Dgn is a divisor on X and Dqo = ^v\p ^v^v is a sum with coefficients 
A^ G E^ of formal symbols X^ for each place v\p of E. To an Arakelov line 
bundle £ and a nonzero rational section s of £ we associate the Arakelov 
divisor 

div(s) = (s)fin + (s)oo 

where (s)fin is the usual divisor of s and (s)oo = J2v\p ''log£ i^v)Xy. The group 
Prin ^{X) of principal Arakelov divisors on X is the group generated by the 
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div(/i) for h € E{X)^ . The Arakelov Chow group of X is 

CR^'{X) = Div^''(A')/Prm^''(;f), 

and we have an isomorphism 

Pic^''(Af) ^ CR^'iX) 

given by £ —7- [div(s)] for any rational section s of C. 

The p-adic Arakelov pairing. — Most important for us is the existence of a 
pairing on CH '^ (X) , extending the p-adic height pairing of divisors of §5. 1 . Let 
{■,-)v denote the (Z-valued) intersection pairing of cycles on X^ with disjoint 
support. The pairing that we consider is the negative of the intersection pairing 
defined by Besser. 

Theorem 5.3.1 (Besser [3]). — Let X/Oe be an arithmetic surface 
with good reduction above p. For any choice of ramified p-adic logarithm 
i: E^/E^ —7- Qp and Hodge splittings (W^)^|p as above, there is a symmetric 
bilinear paring^^^' 

(•, ■)^': CR^'{X) X CH^'X-^) ^ Qp 
satisfying: 

1. If Di and D2 are finite and of degree zero on the generic fibre, and one 
of them has degree zero on each special fibre of X , then 

where Di^e G Div (X) is the generic fibre of Di and (•, •) denotes the 
height pairing of Theorem 5.1.1 associated with the same choices of I and 

2. If Difi^, D2fin have disjoint supports on the generic fibre, then 

{D,,D2)^' = Y,{Di,D2)t' 

V 

where the sum runs over all finite places of E, and the local Arakelov 
pairings are defined by 

{Di,D2)t' = -{Di,D2\M7r„) 

for V \p and below for v\p. 

If moreover we are in the situation of 1., then for each place v 

{Di,D2)t' = {Di,E,D2,E)v 



'31'The notation of [3] is Di ■ D2 for (Di, _D2)^ 
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3. In the situation of 2., if moreover Di = div(/i) is the Arakelov divisor of 
a rational function h, then 

{Di,D2)t'=iv{h{D2fin)) 

for all places v. 

For completeness, we give the description of the local pairing at v\p of di- 
visors with disjoint supports. If iy = t„ o log^ as in (5.2.1) and Gy is the 
Green function on Xy x Xy, we have {D, Xy})y = if v ^ w, {Xy, Xy)y = 0, 
{D,XyXy)y = {degDE)ty{Xy) aud if Di, D2 are finite divisors with images 
Di,y = Yji^iPi, D2,y = YjfUjQj in Xy then 

{Di,D2)t' = -^nimMGv{P^,QJ)). 

In fact, in [3] it is proved directly that the global Arakelov pairing and its 
local components at p coincide with the global and local height pairings of 
Coleman-Gross [10]. The latter coincide with the Zarhin-Nekovaf pairings by 
[2]. 



6. Heegner points on Shimura curves 

In this section we describe our Shimura curve and construct Heegner points 
on it, following [46, §§1-2], to which we refer for the details (see also [47, §5], 
and [8] for the original source of many results on Shimura curves). We go back 
to our usual notation, so F is a totally real number field of degree g, N is an 
ideal of Op, E is a CM extension of F of discriminant A coprime to 2Np, and 
e is its associated Hecke character. 

6.1. Shimura curves. — Let B he a quaternion algebra over F which is 
ramified at all but one infinite place. Then we can choose an isomorphism B (^ 
R = M2(R) ® H^"^, where H is the division algebra of Hamilton quaternions. 
There is an action of B^ on Sj = C — R by Mobius transformations via the 
map i?^ — 7- GL2(R) induced from the above isomorphism. For each open 
subgroup K of B^ = {B (i^p F)^ which is compact modulo F^ we then have 
a Shimura curve 

Ma'(C) = B''\S)^ X B^'/K, 

where i^^ = C \ R. Unlike modular curves, the curves Mk do not have a 
natural moduli interpretation. However, by the work of Carayol [8], M/^(C) 



p-ADIC HEIGHTS OF HEEGNER POINTS ON SHIMURA CURVES 49 

has a finite map^^^' to another (unitary) Shimura curve Mj^,(C) which, if the 
level K' is small enough, has an interpretation as the moduli space of certain 
quaternionic abelian varieties with extra structure. As a consequence, the curve 
Mk{C) has a canonical model Mx defined over F (it is connected but not, 
in general, geometrically connected), and a proper regular integral model^^^' 
Mk over Op; if f is a finite place where B is split, then A4k is smooth over 
Op^y if Ky is a maximal compact subgroup of B^ and K^ is sufficiently small. 

The order R and the curve X. — Assume that £{N) = (— l)^"""^. Then the 
quaternion algebra B over Ap ramified exactly at all the infinite places and 
the finite places v\N such that e{v) = —1 is incoherent, that is, it does not 
arise via extension of scalars from a quaternion algebra over F. On the other 
hand, for any embedding t: F M- R, there is a nearby quaternion algebra 
B(t) defined over F and ramified at r and the places where B is ramified. Fix 
any embedding p: E ^ B, and let R be an order of i? = B{t) which contains 
p{Oe) and has discriminant N (this is constructed in [46, §1.5.1]). Then the 
curve X over F of interest to us is the (compactification of) the curve Mk 
defined above for the subgroup K = F^ R^ C B; that is, for each embedding 
r: F — )• C, we have 

(6.1.1) X(C) = S(T)^\i!)± X B'^/F^'R'' U {cusps}. 

The finite set of cusps is nonempty only in the classical case where F = Q, 
e{v) = 1 for all f I A'" so that X = Xq{N). In what follows we will not aggravate 
the notation with the details of this particular case, which poses no additional 
difficulties and is already treated in the original work of Perrin-Riou [31]. 
We denote by X the canonical model of X over Op. 

Hecke correspondences. — Let m be an ideal of Op which is coprime to A^ and 
the ramification set of B. Let Km (respectively Ki) be the the group of those 
g € Ob such that gy = 1 away from m and det^ generates m (respectively, is 
invertible) at the places dividing m. Then the Hecke operator T{m) on X is 
defined by 

T{m)[{z,g)]= J2 [(^'5^)] 

under the complex description (6.1.1). 



^^^^ Which is an embedding ii K Z) F^ . 

"^'In the modular curve case F — Q, £{v) = 1 for all v\N, Mk and Mk are proper only 
after the addition of finitely many cusps. (We caution the reader that Carayol [8] uses the 
notation Mk to denote instead the set of geometrically connected components of Mk-) 
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Let T^ be the algebra generated by the T{m). Then by the Jacquet- 
Langlands correspondence, T^ is a quotient of the Hekce algebra on Hilbert 
modular forms Ttv (hence the names T{m) are justified). It acts by correspon- 
dences on X X X, and taking Zariski closures of cycles on Af x Af extends the 
action to X. 

6.2. Heegner points. — The curve X defined above has a distinguished 
collection of points defined over algebraic extensions of -E: we briefly describe 
it, referring the reader to [46, §2] for more details. 

A point y of X is called a CM point with multiplication by E if it can be 
represented by {^/—l,g) G S)^ x B^ via (6.1.1). The order 

Endiy)=gRg~^np{E) 

in E = p{E) is defined independently of the choice of g, and 

End (y) = Oe[c] = Op + cOp 

for a unique ideal c of Op called the conductor of y. We say that the point y = 
[(V— 1, g)] has the positive orientation if for every finite place v the morphism 
t —7- g~^p{t)g is i?^-conjugate to p in }ioin.{OE,v,Rv)/Rv ■ Let Y^ be the 
set of positively oriented CM points of conductor c. By the work of Shimura 
and Taniyama, it is a finite subscheme of X defined over E, and the action of 
Ga\{Q/E) is given by 

a{[{^/^,g)]) = [{V^,TecE{a)g)], 

where rec£; : Gal(ii^/£^) — )• Gal{E / E)^ ^E^\E^ is the reciprocity map of class 
field theory. If y = [(-v/— 1, g)] has conductor c, then the action factors through 

Ga\{H[c]/E) ^E''\E''/F''dE[cr 

where H[c] is the ring class field of E of conductor c; the action of this group 
on Yc is simply transitive. 

For each nonzero ideal c of Op, let u{c) = [Oe[c]^ : Op] and define the 
divisor 

(6.2.1) r/e = u{c)-^ Yl y- 

Let 7] = i]i. By the above description of the Calois action on CM points , each 
divisor rjc is defined over E. 



"^^This set has two elements only if B is ramified at v (the other element is called the 
negative orientation at v); otherwise it has one element the condition at v is empty. 
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A Heegner point y G X{H) is a positively oriented CM point with con- 
ductor 1. We can use the embedding i: X — )• J{X) C?) Q to define the point 

[z] = i{ri) = [ri\-h[e\(^J{X){E)®q, 

where ^ is a number such that [z\ has degree zero in each geometrically con- 
nected component of X, and [^] is the Hodge class of the Introduction (see 
below for more on the Hodge class). 

Arakelov Heegner divisors. — The Heegner divisor on X can be refined to an 
Arakelov divisor z having degree zero on each irreducible component of each 
special fibre. On a suitable Shimura curve X — )• X of deeper level away from 
NA^/p , we can give an explicit description of the pullback z of z and of the 
Hodge class as follows. 

After base change to a suitable quadratic extension F' of F, we have an 
embedding X ^-t- X' of X = M^ into the unitary Shimura curve X' = M'~ 
parametrizing abelian varieties of dimension A[F : Q] with multiplication by 
the ring of integers O^' of B (^p F' and some extra structure. Then by the 
Kodaira-Spencer map, we have an isomorphism u^, = detLie^^, where A — )• 
X' is the universal abelian scheme and the determinant is that of an OiT'-module 
of rank 4 (the structure of O^-module coming from the multiplication by Ob' 
on A). This gives a way^^^' of extending the line bundle oOy, to the integral 
model X' and to a line bundle C on X. For each finite place v\p we endow C\ 9 
with the canonical log functions log£ ,^ coming from the description £| j^ = cuj^ 

and a fixed choice of Hodge splittings on X. We define [^] E CH '^{X) (g) Q to 
be the class of (£, ()-Ogc)v\p) divided by its degree, [^] to be its finite part, and 

^ to be any Arakelov divisor in its class. 

Then the Heegner Arakelov divisor z G Div '^{X ® Op) is described by 

(6.2.2) z = ?j-hl+Z, 

where rj is the Zariski closure in X ® Op of the pullback of 77 to X, and Z is 
a finite vertical divisor uniquely determined by the requirement that z should 
have degree zero on each irreducible component of each special fibre. 

6.3. Hecke action on Heegner points. — Recall from §1.4 the spaces of 
Fourier coefficients 2?_/v C 5, the arithmetic functions (Ti,r G 2?/^, and the 



'■^^'See [46, §4.1.3, §1] for more details on this construction. 
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space S which is a quotient of S/I^n. The action of Hecke operators on the 
Arakelov Heegner divisor is described as follows. 

Proposition 6.3.1. — Let m be an ideal of Op coprime to N. We have 

1. T{m)ri = Y^^^^r{m/c)ric. 

2. Let rp^ = Y^Op^dlcVd, and let T'^{m)r] = Ec|m^(c)^^/c- ^^^^ ^ ""'^ 
T^{m)r] have disjoint support and if m is prime to NA then T{m)r] = 
T^{m)r] + r{m)ri. 

3. T{m)[^] = (Ti{m)[C] and m H> T{m)[e] is zero inS(E)CR^''{X). 
4- The arithmetic function m i— >■ T{m)Z is zero in S Div ^{X). 

Proof. — Parts 1., 2. and 4. are proved in [46, §4]. For part 3., we switch to the 

curve X. By definition [^] is a multiple of the class of the Arekelov line bundle 
C = detLie^^ on X with the canonical log functions on £j, — w^ , where 
A ^ X is the universal abelian scheme. We view T{m) as a finite algebraic 
correspondence of degree ai{m) induced by the subscheme X^ d X x X oi 
pairs [A, A/ D) where D is an 'admissible submodule' of A of order m (see 
[46, §1.4] for the definition and more details), li pi,p2: Xm — )• X are the two 
projections, then we have 

T{m)C = Npy^C, 

and the log functions on T{m)C\y are the ones induced by this description.'^^) 

Let vr: ^i — )• A2 be the universal isogeny over X^ ■ As p*C = detLie^^, 
we have an induced a map 

^Pm = Np,7T* : T{m)C ^ iVp,p^£ = £'^^("^), 

and [46, §4.3] shows that Tpm{T{m)C) = Cmiy^^™'' where Cm C Op is an ideal 
with divisor [cm] on SpecOj? such that ra — )• [cm] is a o"i-derivative (§1-4), 
hence zero in 5 (g) Div (Spec Op) C 5 (g) V)\y^^{X). 

We complete the proof by showing that, for each v\p^ the difference of log 
functions 

(6.3.1) V'mlog^-i(™) -logT(m)£„ 

on the line bundle T{m)Cy on X^ is also a o"i-derivative when viewed as a 
function of m. It is enough to show this after pullback via pi on Xm, where 



""^The necessary conditions on the curvature detailed in §5.2 are met since in this case the 
curvature of T(m)Cv is easily seen to be T{m)fij^ = a\(m)^^ . 
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(denoting pulled back objects with a prime) the map ip'^ decomposes as 

ijj'^ = (E)DTTh- ®D detLie(^7L')'' ^ det Lie^''''®'^i('") 

where the tensor product runs over admissible submodule schemes of order m 
of A' (since base change via pi splits the cover pi, there are exactly cri{m) of 
those). Now the difference (6.3.1) is the sum of the ai{m) differences 

(7rJ,)*log£-log£, 

which are all the same since they are permuted by the Galois group of pi . As 
7r|) acts by multiplication by (degTT/))^'^ = N(7Ti)^, by (5.2.2) each of these 
differences is 21og^N(m) so that (6.3.1) equals 

2(Ti(m)log^N(m) 

which is indeed a cri-derivative. D 

Notice that [^] is only defined as a divisor class. Now we pick any divisor ^ 

in its class and define the divisor T{m)^ to be a divisor in the class T{m)[^] 

such that 771 I—)- T{m)^ is zero in 5 (8) Div (A:"). This is legitimate for our 
purposes since the global Arakelov pairing is defined on divisor classes. 

7. Heights of Heegner points 

Let ^ be the modular form with Fourier coefficients given by the p-adic 
height pairing {z,T{m)z). We will compute the heights of Heegner points, 
with the goal of showing (in §8) that Ljp($') and Ljq(^) are equal up to the 
action of some Hecke operators. The proof of the main theorem will follow. 

The strategy is close to that of Perrin-Riou, namely we separate the local 
contributions to ^ from primes above p, writing ^ ~ ^gn + ^p', using the 
computations of [46, 47] we show that $' and ^I'^^ are "almost" equal, while 
the contribution of ^p is shown to vanish. The absence of cusps however poses 
some difficulties, that we circumvent through the use of p-adic Arakelov theory. 

We will work throughout in the space S D Sn of §1.4, using the simbol 
~ to denote equality there; we abuse notation by using the same name for a 
modular form and its image in Sj^. 

The height pairings (and the accompanying Arakelov pairings) on the base 
change of X to i? that will be considered are the ones associated to choices of 
Hodge splittings on Vu, = H^^{Xw / E^}) {w\p) compatible with the canonical 
choices on the ordinary subrepresentations V/^«), and to a "cyclotomic" p-adic 
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logarithm given by i = ip o^: E^\E^ac -^ Qp for some 

iF:F'<\Fl^^Qp. 

(These data will be omitted from the notation). 

As mentioned before, the Shimura curve X and its integral model X may 
not be fine enough for the needs of Arakelov and intersection theory, so that 
we may need to pass to a Shimura curve of deeper level A' — )• A' and consider 
the pullbacks rj of the divisors r/, etc. Then notation such as {fj,T^{'m)fj) is 
to be properly understood as {rj, T^ {m)r]) / degir. 

7.1. Local heights at places not dividing p. — The next two results will 
be used to show the main identity. 

Lemma 7.1.1. — In the space Sn' we have 

{z,T{m)z) = {z,T{m)z)^'' r^ {■n,T'^{m)ri)^\ 

Proof. — First observe that by Lemma L3.1, the first member indeed belongs 
to Sn. The first equality is a consequence of Theorem 5.3.1.1 and the con- 
struction of z. The second part follows from expanding the second term for m 
prime to A^A according to (6.2.2) and observing that the omitted terms are 
zero in Sn by Proposition 6.3.1. D 

We can therefore write 

(7.1.1) M/ ^ ^ M/,„ = ^ xjr^ = M/fi„ + M/p 

w V 

in S, with the first sum running over the finite places w of E, the second sum 
running over the finite places v of F, and 

w\v v\p v\p 

( We are exploiting the fact that for m prime to AA the divisors r) and T^{m)r) 
have disjoint supports so that we can apply Theorem 5.3.1.2.) 

For each prime p of F above p, we define an operator'^^^ on S 

p\p 



'■^^'This is different from the operator bearing tlie same name in [31]. 
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Proposition 7.1.2. — The arithmetic function TZp'^p belongs to Sjy C S, 
and we have 

The proof of this crucial fact will occupy §7.2. 
Proposition 7.1.3 (Zhang). — In the space S we have 

where the sum runs over the finite places of F and the summands are given^^^' 
by: 

1. If V = p is inert in E, then 

^y{m) = Y^ 2'^'^^"''>r{{l-n)mA)r{nmA/Np){v{nm/N)+l)iF,vM- 

£F,vi{n-l)n)=l^v\A 
0<n<l 

2. If V = p\A is ramified in E, then 

$^(m) = ^ 2'^^('"V((l-n)mA)r(nmA/Af)(t;(nm) + l)4(7r„). 

ev{(n—l)n)=-l 

ew{{n=l)n)=l\iv^w\/S. 

0<n<l 

3. If V is split in E, then 

^vim) = 0. 

Proof. — For m prime to A^A we have ^^^(m) = X]^^>„(??, T^{'m)fj)^^ (the sum 
running over all finite places w oi E). By Theorem 5.3.1.2 each term is given 
by an intersection multiplicity {fj,T{m)fj)w, which is computed by Zhang. 

When v{N) < 1 for all v which are not split in E, the result is summarised 
in in [46, Proposition 5.4.8]; the values obtained there are equivalent to the 
asserted ones by [46, Proposition 7.1.1 and Proposition 6.4.5]. In fact (and 
with no restriction on N), these values appear also as local components *"<l>'y 
at finite places of a form <!>' of level N which is a kernel of the Rankin-Selberg 
convolution for the central derivative L'(fE, 1) of the complex L-function. 

In general, [47, Lemma 6.4.3] proves that'^^-' 

(7.1.2) *„~<^<« + „/i, 



'■'*' Up to a modular form which is killed by Lf^ ; see the proof. 

w3)We are adapting the notation to our case. In [47], the form / is denoted by (j>, the 

functions yh are denoted by „/, and some normalizing constants differ. 
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where yh is a modular form with zero projection onto the /-eigenspace (see the 
discussion at the very end of [47]), and ^^'"^ is a form of level A^A which is a 
kernel for the complex Rankin-Selberg convolution in level A'^A (in particular, 
it is modular and Tr^ ('"*&'") = '"$'). Applying the operator Tr^ in (7.1.2) we 
recover the asserted formula. D 

7.2. Local heights at p. — Here we prove Propostion 7.1.2 which shows 
that the contirbution of the p-part of the height is negligible. We fix a a prime 
p of F dividing p. 

Let the divisors r]c be as in (6.2.1), and denote 

Hs = H[p'], Us = u{p'). 

Proposition 7.2.1 (Norm relation). — Let m = m^p^ he an ideal of F 
with rriQ prime to pN. We have 

[r(mp'-+2) - 2T(mp^+i) + r(mp^)](r/) = ^-^.^^^(mo)!^^^^,^,/^, ([?/']), 

as divisors on X, where y' € X(Hn^r+2) is any CM point of conductor p"'''^"''^. 

Proof. — By the multiplicativity of Hecke operators it is enough to prove the 
statement for tuq = 1. A simple computation based on Proposition 6.3.1 
shows that the left-hand side is equal to r]n+r+2- Since the Galois action of 
GaI(i?n+r+2/-E') is simply transitive on ypn+r+2, the right-hand side is also 
equal to r/^+r+2- □ 

Lemma 7.2.2. — Let v a place of E dividing p, and let h G Ey[X) he a 
rational function whose reduction at v is defined and nonzero. Then we have 

ep o 7^3 (dh.(/i), rO(m)77)f = e^ o nf,{dW{h),T{m)z)y = 

Proof. — We will show that U^TZ^{drv{h),T^ {m)fj)y'^ tends to in the p-adic 
topology, thereby proving the vanishing of the first expression; the proof for 
the second expression is similar, cf. [31, Lemme 5.4]. We may assume m prime 
to pA^A. As TZ'i,r{m) = 0, Proposition 7.2.1 gives 

where ys+2 G ^p=+2- For s large enough the divisor of h is supported away 
from ys and its conjugates. Then by Theorem 5.3.1.3 we have 

= u~l^^ey{NH^^^^^/EMys+2)), 

w\v 
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where w runs over the places of H above v (which are identified with the places 
of Hs+2 above v, since Hs+2/H is totally ramified above p). 
For any w\v we have 

Suppose that 

(*) the it;-adic valuation of Njj^ ^/H^S^iys)) i^ independent of s. 

Then each i(j-summand in the expression of interest is the product of uj,2 
(which is eventually constant in s) and the p-adic logarithm of a unit which is 
a norm from an extension of E^ whose ramification degree grows linearly in s; 
hence its p-adic valuation grows linearly in s, which proves the Lemma. 

It remains to prove (*). This can be done using the moduli interpretation 
of CM points on X (see [46, §§1-2]) and a degenerate case of Gross's theory 
of quasi-canonical liftings, parallelling the proof of [31, Lemme 5.5]. As the 
generalisation to our case presents no difficulties but a precise exposition would 
require a lengthy discussion of the moduli interpretation which we do not need 
elsewhere, we omit the details. D 

Lemma 7.2.3. — Let e' denote the operator e' = SpO 7^^ on Sn- 

1. The operator e' extends to the subspace of S generated by the functions 

m I— ;• {D,T{m)z)v 

for D G Dw {X){Ey). The result only depends on the class [D] G 
J{X){Ey), it is denoted by 

e'^{[D],Tim)z),, 

and is a bounded element of Sn- 

2. The arithmetic function 

*^: mh^ {r],T^{m)f])^' 

belongs to the subspace defined in 1., and the value of the operator e' on 

it is 

e'^{v,T\m)v)t' = e'p{[z],Tim)z),. 

Proof. — Since the height pairing is bounded and bounded subsets of Qp are 
compact, we can find a sequence of integers (r^) such that the sequence of 
arithmetic functions Ulf'TZ^{D,T{m)z)v converges for all Z? to a bounded el- 
ement of 5, and this gives the desired extension of e' The independence on 
the choice of D in the class [D\ follows from Lemma 7.2.2. 
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To prove that the result is modular, we observe that by Proposition 7.2.1 
we have, for each m prime to A^p: 

Ul^nl{D,T{m)z), ~ Ul]=nl{D,T{m)fj)t' 

for ijn = Tiu^jEy'n ^ Div(X) with y'^ a CM point of conductor p". Therefore 
the m coefficient of e' ([D], T{'m)z)^ is the value at T{m) of the linear form 
on Tnp 

T ^ lim n~l^_2(5,T(j/,.^+3 - yrk+2))t' ■ 

Then the modularity follows from Lemma 1.3.1. 

For the second part we may argue as in the proof of Lemma 7.1.1: in 5 we 
have 

~ TZliz + divih),T{m)z)t' = TZliz + div {h),T{m)z)y. 

n 



Proof of Propostion 7.1.2. — Let V = J(X)(i?)(8)Q and write [z] = Zf + Zt±, 
with Zf,Zti_ G V such that T{m)zf = a{f,'m)zf for m prime to Np and that 
the modular g-expansion m i— ?• T{m)zr± G Sn (8> V^ is orthogonal to /. Let 

ep*i.[/]M = e'^{zf,T{m)z)y, ep^^,[/-^](m) = {zf±,T{m)z)^; 

then by Lemma 7.2.3 we have 

in dS]\fp. It is easy to see that 

(cf. [31, Lemme 5.9]). We now show that e' ^t,[/] = 0. The ordinarity 
assumption and Theorem 5.1.1.4 (cf. [31, Exemple 4.12]) imply that zj is 
"almost" a universal norm in the totally ramified Zp-extension E^ ^ of Ey-. 
that is, after perhaps replacing Zf by an integer multiple, for each layer E^ ^ 
we have 

Zf = Tr„(z„) 
for some z„ G J(X)(£^^„) ^ Q, where Tr„ = Tr^;^? /^^ . Then we have 

e'p'^vifKm) = e'^{Tr{zn),T{m)zf)v = ep{zn,T{m)zf)^^n- 
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where {■,-)v,n is the local height pairing on Div (X)(£^„„) associated to the 
logarithm in,v = iv°^E^ lE^- ^Y Theorem 5.1.1, these height pairings form a 
compatible bounded family: the compatibility implies the second equality just 
above, and the boundedness means that they take values in c~^Im(£„) C Zp for 
a uniform nonzero constant c G Zp. As the extension E^^ ^jE^ has ramification 
degree p", we have for some nonzero c' G Zp 

e'p^. [/]("!) G c-ilm(£„) C c'"VZp 

for all n; therefore e' ^t,[/] = 0. 
We conclude that 

L;„(7^3M/„) = L/o(e7^3^,) = n («P'(/) - l)'L;„(e;*,) = 0. 

pVp 
This completes the proof of Propostion 7.1.2. 



PART III 
MAIN THEOREM AND CONSEQUENCES 

8. Proof of the main theorem 

In this section we prove Theorem B. First, notice that when W is anti- 
cyclotomic (that is, W^ = W), both sides of the formula are zero: indeed, 
Lp(/^)(Vy'*) vanishes identically by the functional equation (4.2.3), and 

{zf,Zf)yv = {z'j,z'j)yVoc = -{zf,Zf)yv 

since by the work of Shimura [35], [z]'^ = Wn[z] and Wj\[Zf = (— l)^r(/)zj, 
where r(/) = ±1. Therefore it suffices to prove the formula when 

W = W+ = z> o 01 

for some Hecke character ly of F valued in 1 + pZp. 

8.1. Basic case. — First we prove the formula when ^e/f is totally odd 
and each prime p of F dividing p is split in E. 

Let ^>v £ Sn denote the modular form with coefficients ([2;],T(m)[2;])>v, 
where (•, ■)uo^\ is the height pairing on J{X){E) associated to the p-adic loga- 
rithm H.F o ^, with 
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We compare the Fourier coefficients of $^ and ^w- 
Lemma 8.1.1. — In the space Sn of §1.5, we have 



ul ^L, ~ Wiu^ - 1)4 *T 





w~ i^p-^j r^w- 



Proof. — Tlie coefficients of ^'y^ and ^>v.fin ^•re computed in Proposition 4.5.3 
and Proposition 7.1.3. Tliey look "almost" the same, in that in each case the 
m Fourier coefficient is given by a sum of terms indexed by n in a certain 
finite set, except that in the left-hand side we have the additional restriction 
{p,nm) = 1. We can rewrite the indexing parameter n relative to the right- 
hand side as ng Hplp P^*"" with (p, nQ-m) = 1 and each tp > 0. Now a simple 
calculation based on the observation that r(r?iop*) = r(mo)(t+ 1) when p f niQ 
shows that the contribution of the terms with some tp > vanishes and that 
the contribution of the remaining terms gives the right-hand side. The details 
are as in [31, Proof of Proposition 3.20]. D 

To proceed to the conclusion, notice that since the functional Lf^ is bounded, 
Lfg o $ is also a measure. In particular'^") , it commutes with limits, so that 

i;,w(/i^)(i) = ^/o(^^(w^)u=o). 

Since by Proposition 7.1.2 we have 

\p\p ) 

we find for W = i^ o 5^1 (with Op = ap(/)): 



'^"^ Recall that a measure is a bounded or equivalently continuous functional on continuous 
functions. 
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Here, besides the definition of Lp{fE) (Definition 4.2.1) we liave used various 
properties of the functional Lf^ from Lemma 1.5.1 and the observation that the 
projection onto the /-component of the modular form ^w S S2{Kq{N),CIp) 
is l/(*w) = {zf,Zf)w 

This completes the proof of Theorem B when (A£;/p,2) = 1 and all primes 
p\p split in E. 



8.2. Reduction to the basic case. — The general case, where E is only 
assumed to satisfy (A^/p, Np) = 1, can be reduced to the previous one under 
the assumption 

by the following argument due to Kobayashi [23, Proof of Theorem 5.9] using 
the complex Gross-Zagier formula (which is known with no restrictions on A) 
and the factorisation Lp{fE, x o OT) ~ Lp{f, x)Lpife,x)- 

Indeed, by the factorisation the orders of vanishing at the central point of 
the factors of Lp{fE,i'^ o 51), will be one (say for Lp{f)) and zero (say for 
Lp{fs)). Then, by the first part of Theorem C^ ^^, the orders of vanishing of 
L{f, s) and L{f^, s) at s = 1 will also be one and zero. Moreover the Heegner 
point Zf^E' attached to / and any E' also satisfying L[fi, , , 1) 7^ is non- 
torsion, and in fact its trace zj^p = '^^E'/Fizf,E') is non-torsion and zj^e' is 
up to torsion a multiple of Zf^p in J{X){E') C?) Q. Therefore, by the complex 
and p-adic Gross-Zagier formulas for a suitable E' satisfying the assumptions 
of §8.1 and L(/e^,^^, 1) / 0, we have 

l^\ «P/ ^f{Zf,F,Zf,F) 

where (•, ■)i, is the p-adic height pairing on J{X){F) attached to v, and (•, •) 
is the Neron-Tate height (the ratio appearing above belongs to M? by the 



'*^^ Which can be proved by using the p-adic Gross-Zagier formula attached to a field E' 
satisfying the assumptions of §8.1. 
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Gross-Zagier formula). This allows us to conclude 






Lp,wifE, 1) = ^_i/2 " ^p,M' ^)Lp{fs, 1) 



2 / / ^\ 2 



' SV'-^J I'-^J %(.,^.,.;..> <'^''-^'->- 

lP\P 

PIP 

Remark 8.2.1. — It is natural to conjecture that when L' y^(fE, 1) = we 
should have {zf,Zf)y\; = 0. However in this case the above argument fails 
because, without knowledge of the nontriviality of the p-adic height pairing, 
the vanishing of Lp{fE,W^) to order > 2 does not imply a similar high-order 
vanishing for L{fE,s). 



9. Periods and the Birch and Sw^innerton-Dyer conjecture 

As seen in the Introduction, the application of our result to the Birch and 
Swinnerton-Dyer formula rests on a conjectural relation among the periods of 
/ and the associated abelian variety A. Here we would like to elaborate on 
this conjecture and its arithmetic consequences. We retain the notation of the 
Introduction, and set dim A = [M : Q] = d. 

9.1. Real periods. — The conjecture on periods stated in the Introduc- 
tion can be refined to a conjecture on rationality rather than algebraic- 
ity. First we need to precisely define the automorphic periods riT^, for 
a G Hom(Mj,C); they are naturally defined as elements of C^ /M^ (see 
[33] for a modern exposition): one can choose them "covariantly" in order to 
have Her ^ p defined up to Q^, or define directly the product as follows. Let 
TIn = Z{A)\GL2iA)/Ko{N)Koo be the Hilbert modular variety(42) ^f jg^gj 
N. Then the perfect pairing of Q-vector spaces 

(9.1.1) HgCHN, Q)+ X S2{Ko{N), Q) ^ C 



(*2)-yYg g^j-g ignoring cusps, which only appear in the case _F = Q of least interest to us. 
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(where "+" denotes the intersection of the +l-eigenspaces for the complex 
conjugations) decomposes under the diagonal action of T^r into Q-rational 
blocks parametrised by the Galois-conjugacy classes of eigenforms. Then 

is (27ri)'^^ times the discriminant of the pairing on the rational block corre- 
sponding to {/'^}ct- (The individual JlXr € C^/M^ are defined as the discrim- 
inants of (9.1.1) on Q-rational Tyv-eigenblocks.) 

Conjecture 9.1.1. — We have 

mC^/Qx. 

The conjecture is also made by Yoshida [42] up to algebraicity. When A 
has complex multiplication, it has been proved by Blasius [5]. It is also known 
when F = (^] before discussing that, let us translate it into a language closer 
to conjectures of Shimura. 

For each r: -F — )■ R, let JbM t>6 the Jacquet-Langlands transfer of / to a 
rational form on the quaternion algebra B[t)/F defined in the Introduction 
(recall that B{t) is ramified at all infinite places except r), and let X be our 
Shimura curve. Then A is (up to isogeny) a quotient (f) of J{X), and for each 
embedding r we can write 

(j)*ujA = Cr /\ 2vri/^(^) {z) dz 

a 

as forms in //'^(J(X)(Ct-), ri'^), for some c,- € F'^ (since both are generators 
of a rank one F- vector space) . Then we have 

where Qi is 27rz times the discriminant of the /^/ -,-part of the analogue 
of the pairing (9.1.1) on X(Ct-). When choices are made covariantly in r, we 
then get ^A ~ Ha r ^1- in C VQ "^ • 

Our conjecture, decomposed into its (o", r)-constituents, can then be rewrit- 
ten as 

(9.1.2) 0+~n^/sMi^C"/(^'^^)"- 
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In this form, this is a stronger version of Shimura's conjecture [38] on the 
factorisation of periods of Hilbert modular forms up to algebraic factors in 
terms of P- invariants. The reader is referred to [42] for a discussion of this 
point. 

Notice that (9.1.2) is nontrivial even when F = Q: it asserts that the 
periods of the transfers of / to any indefinite quaternion algebra have the 
same transcendental (or irrational) parts. However, in this case the conjecture 
is known by the work of Shimura [37] (for the algebraicity) and Prasanna [32] 
(for the rationality). 

For general F, Shimura's conjecture on P-invariants is largely proved by 
Yoshida [43] under an assumption of non-vanishing of certain L-values. 

Remark 9.1.2. — It is clear that our conjecture implies that the Birch and 
Swinnerton-Dyer conjectural formula is true up to a nonzero rational factor 
when A has analytic M-rank zero. By the complex (respectively, the p-adic) 
Gross-Zagier formula, the conjecture for / also implies the complex (respec- 
tively, the p-adic) Birch and Swinnerton-Dyer formulas up to a rational factor 
when A has (p-adic) analytic Af-rank one. 

9.2. Quadratic periods. — We can formulate a conjecture analogous to 
Conjecture 9.1.1 for the periods of the base-changed abelian variety Ae = 
A X Spec F Spec £'. 

Conjecture 9.2.1. — We have 

a 

Here the period of Ae is 

^A,= n / 

where for a differential form ui = h{z)dzi A • • -Adzk we have \uj\r = \h{z)\'^dzi A 
dzi A • • • A dzk A dzk ■ 

As above, this conjecture can be "decomposed" into 

(9.2.1) %~n^/BMinCV(AfF)\ 

r 

where ^fg,^-. is vr^ times the Pertersson inner product of fsM ■ This is essen- 
tially Shimura's conjecture on Q-invariants (see [38]). Up to algebraicity it has 



^A 



E iTl 
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been proved by Harris [15] under a local condition (a new proof of the same 
result should appear in forthcoming work of Ichino-Prasanna, yielding ratio- 
nality and removing the local assumption). Since (9.2.1) is implied by (9.1.2) 
for / and /j, Harris's result can be seen as evidence for the conjecture on real 
periods. 

We take the opportunity to record an immediate consequence of the conjec- 
ture on quadratic periods and the Gross-Zagier formulas. 

Theorem 9.2.2. — If Ae has analytic M-rank r < 1, then the complex and 
thep-adic Birch and Swinnerton- Dyer formulas for A e are true up to a nonzero 
algebraic (or rational) factor. 
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